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Introduction
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Motivation
• Since Black Scholes model proposed in 1973, huge growth in variety of

financial models to capture behaviour of different markets e.g. stochastic

interest rate models, credit models, etc.

• Agent will typically want to use model to price or hedge an instrument

but before she can do this she mustcalibratemodel to observable prices

to avoid introducing arbitrage.

• Calibration not straight forward: instead of Black Scholessingle

parameter, now calibrate vectors and functions e.g. Levy density, local

volatility.

• Not even clear if perfect calibration is possible. In reality can usually at

best only reproduce observable prices to within theirbid-askspreads —

introducing problem of uniqueness.

• Wealth of literature on local volatility calibration e.g. Lagnado & Osher

(1997), Jackson, Suli & Howison (1999) findbest-fitsurfaces.
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Motivation
• However, these papers do not attack the problem of uniqueness or

robustness. Cont’s papers (2005), (2006) do make a start.

• The calibration problem should be viewed as aninverse problem: given a

model we can explicitly and directly find the prices of instruments, but

given the prices we cannot directly recover the model.

• The calibration problem is oftenill-posed in the sense that it fails ii) and
iii) of Hadamard’s criteria for well posedness:

i) For all admissible data, a solution exists.

ii) For all admissible data, the solution is unique.

iii) The solution depends continuously on the data.

• For this reason this research uses a Bayesian approach to focus on finding

adistributionof solutions rather than a best-fit one.

• This allows better decision-making and a fuller understanding of the

uncertainty of the calibration procedure.
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Calibration Problem
Suppose we observe a price processS = (St)t≥0 and model it as a function of

time t, some stochastic process(es)X = (Xt)t≥0, and finite dimensional

parameterθ ∈ Θ, i.e.

St = S(t, Xt, θ) (1)

by abuse of notation ofS. LetF = (Ft)t≥0 be the filtration generated byX

soS is anF-adapted process.

Now consider an option over a finite time horizon[0, T ] written onS and with

payoff functionh. Let the timet value of this option be written asft(θ),

where we include the argumentθ to emphasise the dependence of this price

on the model parameters. Explicitly,

ft(θ) = E[B(t, T )h(S)|Ft]

with respect to some measureP and whereB(t, T ) is the discount factor,

possibly stochastic.
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Calibration Problem
Suppose at timet ∈ [0, T ] we observe a set of such option prices

{f (i)
t (θ) : i ∈ It}

possibly with noise{e(i)
t : i ∈ It}. In other words, we observe

Y
(i)
t = f

(i)
t (θ) + e

(i)
t (2)

for i ∈ It.

Then the calibration problem is to find the value ofθ thatbestreproduces the

observed prices{Y (i)
t : i ∈ It, t ∈ Υn([0, T ])}, for some measurement of

best. Here

Υn([0, T ]) = {t1, . . . , tn : 0 = t1 < t2 < . . . < tn ≤ T}

is a partition of the interval[0, T ] into n parts.
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Bayesian Estimators
Suppose we wish to estimate the value of some parameterθ. Assume we have

some prior information forθ (for example that it belongs to a particular space,

or is positive, or represents a smooth function), summarised by aprior density

p(θ) for θ. And suppose we observe some noisy dataY = {Yt : t ∈ Υn}
related toθ by

Yt = ft(θ) + et

for all t ∈ Υn whereet is some random noise andΥn is an index set of sizen.

Thenp(Y |θ) is the probability of observing the dataY givenθ and is called

the likelihood function.

Application of Bayes rule gives that theposteriordensity ofθ is given by

p(θ | Y ) ∝ p(Y |θ) p(θ).
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Bayesian Estimators
The loss functionL(θ, θ′) gives the deficit incurred by takingθ′ as the

estimator forθ. It must satisfy






L(θ, θ′) = 0 if θ′ = θ

L(θ, θ′) > 0 if θ′ 6= θ

Given dataY , the correspondingBayes estimatorθL(Y ) is the value ofθ

which minimises the expected loss with respect to the posterior i.e.

θL(Y ) = arg min
θ′

{
∫

L(θ, θ′) p(θ|Y ) dθ

}

.

Assumption. Since the loss function should penalise estimators which are

further from the true value more than those which are closer,it is natural to

assume that the larger the error, the greater the loss. So we assumeL is a (not

necessarily strictly) increasing function of|θ − θ′|.
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Bayesian Estimators
Example. Different choices of loss function give well known Bayesian

estimators:

1. L1(θ, θ
′) = |θ − θ′|2 gives Bayes estimator

θL1
(Y ) = E[θ|Y ]

which is themeanvalue ofθ with respect to the Bayesian posterior

densityp(θ|Y ).

2. L2(θ, θ
′) = 1 − 1θ=θ′ , known as the uniform loss distribution, gives the

Bayes estimator

θL2
(Y ) = max{p(θ|Y )}

which is themaximum a posteriori(MAP) estimator; it is the value which

maximises the posterior density.

Remark. The minimiserθL(Y ) is not necessarily unique.

Calibration Using Consistent Bayesian Estimators⋄ 29th June 2009⋄ alok.gupta@maths.ox.ac.uk – p. 10



Consistency of Bayesian
Estimators
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Consistency
In order to judge the validy of an estimator, we would like it to satisfy certain

properties. For example, we might expect the estimatorθL to be unbiased. Or

instead we might hope that, as we observe more dataYt, that our estimator

converges in some sense to the true value.

Definition. A sequence of estimatorŝθn = θ̂({Yt : t ∈ Υn, |Υn| = n}) of

unknownθ is said to beconsistentif θ̂n tends in probability toθ (written

θ̂n
P→ θ) for all θ ∈ Ω, i.e.

∀ θ ∈ Ω ∀ δ > 0 Pθ[|θ̂n − θ| ≥ δ] → 0 as n → ∞.

For what follows we work in the risk-neutral measureQ. The unknown

parameterσ is assumed to be constant in time (and scalar for the first 3

sections).
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Single Observation
Let It = I = {1} so we consider observing only one option price each timet.

Denote byσ∗ the true value of the parameter. Assume that the market noises

are given by

e
(1)
t ∼ N(0, ε2

t ) εt ∈ [c, C] ⊆ ℜ+ \ {0}
and are independent of each other. Drop the superscripts. Take a nested

sequences of partitionsΥn ⊃ Υn−1 and define

Gtn
= σ ({es : s ∈ Υn}) ,

i.e. the sigma-field generated by all the noise random variables upto timetn.

So in particularGtn
⊃ Gtm

for all n ≥ m.

Assumption. Ftn
⊥ Gtm

for all (n, m), i.e. the driving process of the

underlying is independent of the market noise. This is a reasonable

assumption to make since observational errors are unlikelyto be correlated to

fundamental economic phenomena.
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Single Observation
Let Y = {Yt : t ∈ Υ∞} be the (noisy) observations and write

σn(Y ) := σ|Ftn
∨ Gtn

for shorthand. Define the sequence of Bayes

estimatorŝσ by,

gσ′(σn(Y )) = E[L(σn(Y ), σ′)]

=

∫

Σ

L(σ, σ′) p(σn(Y )) dσ

σ̂n(Y ) = arg min
σ′∈Σ

{gσ′(σn(Y ))}

whereL(σ, σ′) is the loss function, andΣ is the support forσ and

p(σn(Y )) = pn(σ|Y ) =
pn(Y |σ) p(σ)

pn(Y )

=
∏

t∈Υn

1√
2πεt

exp
{

− 1
2ε2

t

(Yt − ft(σ))2
}

p(σ)
pn(Y )

is the posterior density aftern observations andpn(Y ) is constant wrtσ.
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Single Observation
To prove consistency of̂σn(Y ) we make the following assumptions.

Assumption. The priorp(σ) with supportΣ satisfies:

i) Σ is compact

ii) p(σ) is bounded

iii) σ∗ ∈ Σ i.e. p(σ∗) > 0

Assumption. For eacht, conditional onFt the functionft(σ) satisfies:

i) ft is differentiable everwhere inΣ

ii) for all σ ∈ Σ, 0 < k ≤ f ′
t(σ) ≤ K < ∞
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Single Observation

Lemma. For all Y σn(Y )
P→ σ∗.

Proof. (Outline)

• Write pn(σ|Y ) = qn(Y )p(σ)e−
1
2φn(σ,Y ) then can show

∣

∣

∣

∣

φn(σ, Y ) − 2u(σ − σ∗)

φn(σ, Y )
− 1

∣

∣

∣

∣

≤ 1

αn
→ 0 n → ∞

• Define the moment generating function

ϕn(u) = E[eu(σn−σ∗)]

then it follows thatϕn(u) → 1 asn → ∞ i.e. Dirac densityδ(σ − σ∗).

• By Levy’s Continuity Theorem this implies thatσn(Y )
D→ σ∗ whereσ∗

is a constant almost surely.

• Henceσn(Y )
P→ σ∗.
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Single Observation
Theorem. (Main Result) For allL bounded and continuous onΣ the Bayes

estimatorσ̂n(Y ) is consistent.

Proof. (Outline)

• First observe that we can writeL(σ, σ′) = l(σ − σ′) for some functionl.

• Pσ∗ [|σ̂n(Y ) − σ∗| ≥ δ]

≤ Pσ∗ [|σ̂n(Y ) − σn(Y )| ≥ 1
2δ] + Pσ∗ [|σn(Y ) − σ∗| ≥ 1

2δ]

• But Pσ∗ [|σn(Y ) − σ∗| ≥ 1
2δ] → 0 asn → ∞ by above lemma.

• And can showPσ∗ [|σ̂n(Y ) − σn(Y )| ≥ 1
2δ] → 0 asn → ∞ for L

bounded and continuous.

• Hence, for allδ > 0, Pσ∗ [|σ̂n(Y ) − σ∗| ≥ δ] → 0 asn → ∞.
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Single Observation
Example. Working in the Black Scholes model, if we let

ft(σ) = e−r(T−t)E[(ST (σ) − K)+|Ft]

then we know thatft is differentiable everywhere on[σmin, σmax] (0 < σmin

andσmax < ∞) and the derivative (vega) is given by

f ′
t(σ) = St

√
T − tN ′( log(St/K)+(r+σ2/2)(T−t)

σ
√

T−t
)

for non-dividend paying stockS whereN ′(x) = 1√
2π

e−x2/2.

Note that for all combinations ofSt andK the vega is positive and bounded

on the interval[σmin, σmax] so long asσmin is sufficiently large andσmax

sufficiently small.

Hence, Black-Scholes European call prices satisfy the assumptions (for

suitably restrictiveΣ) and can be used as the observation option prices to get a

consistent estimator for the Black-Scholes volatility.
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Multiple Observations

Suppose|It| > 1 so we observe several pricesf
(i)
t (σ) for i ∈ It at each time

t. Again assume market noises are independent and Gaussian.

Corollary. For multiple price observation setsIt and all bounded and

continuous loss functions L the Bayes estimatorσ̂n(Y ) is consistent.

Proof. Identical to the one for the previous theorem except that the

sigma-field generated by all the noise random variables uptotime tn is now

Gtn
= σ

(

{e(i)
s : s ∈ Υn, i ∈ It}

)

,

and valuesYt, ft, εt get superscripts to becomeY (i)
t , f

(i)
t , ε

(i)
t

respectively.

Remark. The only real difference in the convergence of the estimatoris that

for multiple observations the convergence is faster since more information is

added at each timestep to update the posteriorpn(σ|Y ).
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Non-Gaussian Noise
Recall that

Yt = ft(σ
∗) + et

whereet is the additive market noise. Now, suppose that theet is given by the

densityξt(x). Then we can write the conditional density ofYt|σ as

p(Yt|σ) = ξt(Yt − ft(σ)).

Assumption. For all observation timest, the density functionsξt satisfy:

i) ξt is bounded and unimodal with mode at0

ii) ξt(Yt − ft(σ
∗)) > 0

iii) limn→∞
1
n

∑

t∈Υn
et = 0

Theorem. For all L bounded and continuouŝσn(Y ) is consistent.

Proof. Similar to first proof: we show the mgf is Dirac in the limit andthen

use Levy Continuity Theorem.
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Non-Scalar Parameter
We generalise to the case whenσ is non-scalar but a vector of parameters.

Assumption. For eacht, conditional onFt the functionft(σ) (which is a

mappingft : Σ → ℜ whereΣ ⊆ ℜm) satisfies:

i) Σ is convex

ii) ∇ft(σ) =
(

∂ft

∂σ1
(σ), . . . , ∂ft

∂σm

(σ)
)T

exists everwhere inΣ

iii) Define Υn(σ, σ′; k) = {t ∈ Υn : |ft(σ) − ft(σ
′)| > k‖σ − σ′‖}. Then

for any pair(σ, σ′) in Σ × Σ, there exists ak > 0 such that

|Υn(σ, σ′; k)| → ∞ asn → ∞.

Theorem. For all L bounded and continuous onΣ the non-scalar Bayes

estimatorσ̂n(Y ) is consistent.

Again the above result is easily generalised to the case of multiple

observations and non-Gaussian noise.
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Bayesian Financial
Modelling
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Local Volatility Model
Corresponding to the model originally proposed by Black & Scholes, let

(Ω,F , (Ft)0≤t≤T , (Zt)0≤t≤T ) be the standard Wiener space i.e.Zt is

Brownian motion,Ft is the natural filtration ofZt overΩ andF = FT . Then

the underlying asset priceS is given by

dSt = µStdt + σStdZt

whereµ is the drift andσ the volatility. In the Local Volatility model we

chooseσ to be a function of both the asset price and the time:

σ = σ(S, t).

Although Dupire found an explicit formula to calculate thisfunction using the

implied volatility surface, the resulting local volatility surface is unstable and

spikey. Furthermore, the formula depends on knowledge of the prices of

options for all strikes and maturities, which is usually notavailable in practice.
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Local Volatility Model
Instead, we identify key characteristics expected of the local volatility surface

that can be recast into a Bayesian prior. There are three properties we would

expect ofσ(S, t):

Positivity: σ(S, t) > 0 for all values ofS andt; since the price variation

squaredσ2 > 0 we adopt the conventionσ > 0.

Smoothness:there should be no sharp spikes or troughs in the surface; this

ensures pricing and hedging is stable.

Consistency: for small values oft especially,σ should be close to today’s

at-the-money (ATM) volatilityσatm.
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The Prior (Regularisation)
For the purposes of introducing the theory we consider the simplest density -

the Gaussian density. It is also the second order approximation to any density.

In light of the assumptions presented earlier we take for ourprior

plv(σ) ∝ exp
{

−1
2λp‖ log(σ) − log(σatm)‖2

κ

}

where‖ · ‖κ is a Sobolev norm given by

‖u(x, y)‖2
κ = (1 − κ)‖u(x, y)‖2

2 + κ‖|∇u(x, y)|‖2
2.

Working in the logarithmic space guaranteesσ is positive and the norm

ensures greater prior density is attached toσ that are both smoother and closer

to ATM volatility.

λp quantifies how strong our prior assumptions are: a higher value ofλp

indicating greater confidence in our assumptions.

Clearly, thoseθ which better satisfy prior beliefs have greater prior density.
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The Likelihood (Calibration)

Let V (i)∗
t be the market observed price at timet of a European call and

V
(i)
t (θ) the corresponding theoretical price. Then define the basis point

square-error functional as

Gt(θ) = 108

S2
t

∑

i∈I

wi |V (i)
t (θ) − V

(i)∗
t |2

where thewi are weights summing to one. But only attach positive Bayesian

posterior density if paramater reproduces prices to withintheir bid ask spreads

i.e.

G(θ) ≤ δ2

whereδ2 =
∑

i∈I wiδ
2
i is the pre-specified tolerance. Hence, for the Bayesian

likelihood for non-parametric models we will take

p(V ∗|θ) = 1G(θ)≤δ2 exp
{

−1
2G(θ)

}

.

So those surfacesσ which reproduce prices closest to the market observed

pricesV ∗ have the greatest likelihood values.Calibration Using Consistent Bayesian Estimators⋄ 29th June 2009⋄ alok.gupta@maths.ox.ac.uk – p. 26



The Posterior
Combining the prior and likelihood functions we get the explicit form for the

posterior functionp(θ|V ∗) as

p(θ|V ∗) ∝ 1G(θ)≤δ2 exp
{

−1
2

[

λp‖θ‖2 + G(θ)
]}

.

Remark. Observe that maximising the posterior is equivalent to minimising

the expression

λp‖θ‖2 + G(θ)

which is exactly the form of functional authors such as Lagnado & Osher

(1997) and Jackson, Suli & Howison (1999) seek to minimise tofind their

optimal calibration parameter. This is not a coincidence but an insight into

how the Bayesian approach reformats traditional Tikhonov and regularisation

methods into a unified and rigorous framework.
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Numerical Examples
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Discretisation
There is no exact method for calibrating a surface or function since they are

infinite dimensional. Instead we discretise our functions.

We represent the local volatility surfaceσ(S, t) by a grid of nodes whose

positions are given by:Smin = s1 < . . . < sj < . . . < sJ = Smax in the

spatial direction and0 = t1 < . . . < tl < . . . < tL = tmax in the temporal

direction.

For each timetl we construct the unique(J − 1)-dimensional natural cubic

spline through the nodes(s1, tl), . . . , (sJ , tl) to give all valuesσ(S, tl). Then

for (S, t) ∈ [sj , sj+1] × [tl, tl+1] the value ofσ(S, t) is found by linear

interpolation of the two valuesσ(S, tl) andσ(S, tl+1). This is the same

approach taken in Jackson, Suli & Howison (1999).

Proposition. For the local volatility discretisation scheme described above

and sufficiently diverse European call option pricing functionsft(σ), the

Bayes estimator̂σn is consistent.

Calibration Using Consistent Bayesian Estimators⋄ 29th June 2009⋄ alok.gupta@maths.ox.ac.uk – p. 29



Metropolis Sampling
We generate samples fromp(θ|V ∗) using the Markov Chain Monte-Carlo

(MCMC) Metropolis algorithm:

1. Select a starting pointθ0 for whichp(θ0|V ∗) > 0.

2. Fort = 1, . . . , n sample a proposalθ# from a symmetric jumping

distributionJ(θ#|θt−1) and set

θt =







θ# with probability min{ p(θ#|V ∗)
p(θt−1|V ∗) , 1}

θt−1 otherwise

Then the iterationsθ1, . . . , θn converge to the target distributionp(θ|V ∗).

In our case the jump functionJ(θ′|θ) is given by

θ′ = θ +
√

2duBξ

whereB is a matrix corresponding to the norm function‖ · ‖κ, ξ ∼ N(0, IM )

anddu is thestep sizeof the random walk.
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Simulated Dataset
Priced 66 European call options (on a known surface) with 11 strikes and 6

maturities and added Gaussian noise. We take the calibration error tolerance

to beδ = 3 basis points and try to calibrate a 27-node surface.
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Simulated Dataset
Using this distribution of surfaces we can construct a confidence interval of

the value of the local volatility surfaceσ(S, t) at any point(S, t). The figure

shows the 95% pointwise confidence interval.
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Simulated Dataset
Prices for American put option with strike 5100 (S0 = 5000) and maturity 6

months. Included is the true value (TRUE), maximum likelihood value

(MLE), mean of the Bayesian posterior values (BAYES).
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Simulated Dataset
Prices for up-and-out barrier put option: barrier 5300, strike 5200

(S0 = 5000), maturity 1 year. Included is the true value (TRUE), maximum

likelihood value (MLE), mean of the Bayesian posterior values (BAYES).
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S&P 500
70 S&P 500 European call prices are used (10 strikes and 7 maturities) where

S0 =$590. We take the calibration error tolerance to beδ = 5 basis points

and try to calibrate a 32-node surface.
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S&P 500
Prices for American put option with strike 610 (S0 = $590) and maturity 1

year. Included is the maximum likelihood value (MLE) and mean of the

Bayesian posterior values (BAYES).
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Conclusion
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Summary
• Introduced the Bayesian framework for calibrating the parameters of

financial models to market prices.

• Analytic results have been found that prove the Bayesian estimate for the

true model paramaters is consistent over time when an underlying

constant parameter exists. The results were verified for non-scalar model

parameters also.

• Demonstrated a practical method for formulating the prior and likelihood

functions necessary for the Bayes procedure.

• Used Local Volatility model as a case study and tested both simulated and

real data.

• Saw improvements in pricing when using the Bayesian procedure instead

of typical maximum likelihood methods.
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Extensions
• The methodology is very general and can be applied to any parametric or

non-parametric model. Currently working on applications to

non-parametric jump diffusion models.

• Can use Bayesian posterior densityp(θ|V ∗) to derive a measure for the

model uncertainty of any contingent claim. Such measures would be

important for a risk manager or agent trying to decide between different

products. (Paper to be submitted).

• Can use Bayesian posterior to develop better hedging strategies. This is

more fundamental than pricing as typically a trader will be more

interested in the hedging strategy. To this end, the Bayesian loss functions

could be designed to correspond to hedging losses so that theBayes

estimator is that parameterθ which minimises the expected hedging loss.

(Paper to be submitted).
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Thank you for your attention

Questions?
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