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How do we model information in probability theory?
By o-algebras.

How do we capture the dynamics of information?
By filtrations.

G = (Qt)tzo is a collection of o-algebras on a probability space
(2,G, P) such that:

Gs C Gy C G for s <t.



Credit Risk:

A risky bond promises paying the owner 1 dollar at time T' (ma-
turity). The promise may not be fulfilled if the company goes
bankrupt before T'.

Question: How do we quantify the risk of bankruptcy at a given
time t € [0,T]7



Let = be the time of default.
The payoff at T' = 1,-7.
A dynamic probabilistic model for 7 is required.

IF: Available information relevant to the default time.

conditional hazard rate:

A = jim P St 1D




The simplest model (the most reduced form model):
Let Ny = 1{T§t} (one-point-process).
Ft = o(Ng,s <1t).

i.e., we only know whether the company has gone bankrupt.
Then conditional hazard rate is simply the hazard rate of 1, i.e.

@
1 _ F(t) {T>t}




More structure:

Model the company’s value with a continuous Markov process
X.

7. Hitting time of X to a default barrier.
Fi = o0(Xs,s <t) (natural filtration of X)

Drawback: Conditional hazard rate of 7 is zero. Not consistent
with market data.



Solution: Information reduction models
e (Duffie and Lando) Market observes X corrupted with noise.

e (Jarrow and Protter) Model the information available to the
market with a subfiltration F of G.

Definition: F = (F;):>0 is a subfiltration of G if 7 C G; for all
t > 0.



Model:

X: A non-singular diffusion with state space I C R with infinites-
imal generator

A

1 d? d
Ea($>daz—2 + b(iﬁ)%

—o00 =xg < x1,...,TN < TNy41 = oo: a finite collection of points
in R.

x1. Default barrier



Define

R(z) =1 ifx; <o <249

F = (Ft)t>0 the right continuous and complete filtration gener-
ated by R(X) = (R(Xs))s>0-



What does [F contain?:
e [ he first hitting times, 7; of X of the x;.

e Last exit times from L. In particular, gr = sup{s < t, X5 € L}
and Uy =t — g+ are both adapted to .

More generally,
e excursion intervals of X away from L.

Since X has continuous paths and L is a closed set,
M={t>0:X; € L} is closed. Therefore

M® = U%O:]_(a’n7 bn)

(an, bn) are called excursion intervals away from L.



Main Result:

We derived two key quantities:

1. Conditional hazard rates of 7;

2. Conditional default probability



Conditional default probability:
Yi = E[lg, <yl 7]

If v(¢,T), is the price of a simple bond at time t, then

o(t, T) = [1 — Yy]e i msds



The main ingredient of the formulae:

LLévy measures Fil"', Fil_ and FZ.O"", FZ.O_.



L1

LN

L1



L1

LN

L1






(af,b%) the nth excursion interval whose length is greater than

xZ.
e a + x is a stopping time.

If the excursion during (af,bt) started from z; and is an upward
excursion, then

1+
F7 T (dy)
P(bx—ax—l—:cedy,Xa::a: ]_fa: ): L 1
n n b i+ | aZ+x Fi_l_(aj, 0] {y>x}
and
O+
Fo T (dy)
P(bx — CL + x € dy,Xb:c — xz|~7:a$—|—ac) — 1{y>ZC}



Conditional hazard rate:

0 if Xt > xo

A(t) = f2 (U
F5 [Ut,00)

if x1 < Xt < xo



T heorem
( 1{T§T} ift>T AT,

Pr(r<T—t) ift<tAT and X; = x;

m (f[Ut,oo] pi+1(ge + w)FF (du) + Jiv,.001 Pi9t + U)Fio+(du))

if X is having an upward excursion from x;

o] (f 00y Pi-1 (gt + W) F}(du) + [i, oy pige + U)Fio‘(du))

if X is having an downward excursion from x;,




How do we compute ng?

e Laplace transforms ng are expressed in terms of the solutions
of Au = \uw.

For qualitative results we consider the simplest case:

The coefficients of A are constant, i.e. X is Brownian motion
with drift. i.e.,
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Jump rates:

Note

14 () — £t ()
0+, — 1 ()
A; ()_Ff[x,oo]'

\, — O if Xy > x>
PTAST() if < Xy < xo.



T heorem:

i) A?"' is monotone decreasing with
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Application Issues:

How to fit the market prices?
Following variables are needed:
v(ti, T3), Uy, Xgp, R(Xy,), Ty — 8
How to choose the z;7

These can be included in the model as parameters.



Open problem:

Equivalent martingale measure versus historical measure; how
are these two related in a structural model with information re-

duction?



