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We set out to provide a generalization of the GARCH model of
volatility and its application to the pricing of option. The
generalization involves having the dynamics of the GARCH process
change over time according to one of N regimes. It is well known
that the GARCH model has been a very successful innovation for
modeling dynamics of volatility. We generalize it to capture the

business cycles.
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Motivation:

The creation of the Black-Scholes formula (1973) is one of the
most celebrated accomplishments in the recent economic history.
However, since its introduction it has been discovered that it has
certain biases. The motivation of Markov Switching GARCH

Models is to correct some of these known biases, specifically:
1. Return Skewness and Leptokurtic behaviour.
2. Volatility Smile.

3. Volatility Persistence.
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Further advantages of our model

1. it can incorporate structural changes in the volatility dynamics
due to the changes in economic conditions in order to capture
the effects of business cycles.

2. it can provide flexibility in describing the volatility persistence
of the shocks by introducing an extra source of volatility
persistence driven by the Markov process.

3. Some empirical studies mentioned that Markov switching
GARCH models can improve the performance of GARCH
models in their abilities to forecast volatilities of various asset

4 classes, for instance, foreign exchange rates, (Klaassen (2002))
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Let X be a Markov chain with 2 states: The chain models the
‘good’ and ‘bad’ states of the economy. We identify ‘good’ with

the vector (1,0)" and ‘bad’ with the vector (0,1)’.
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We consider the probabilities of switching from ‘good’ to ‘bad’ or
‘good’ to ‘good’ etc.
Write

7Tji = P(Xt = €j|Xt71 = ei) y (21)

and n:(ﬂji), 1§Z,j§2
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The idea of the model

A GARCH series H models the variance of returns by:
H} = ag + ar(vi-1 — pHe-1)* + BH{ 4,

where v is the ‘innovation’ in the return process. (That is, the

difference between the observed noise and expected noise.)
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In our model the agp, a1 and (3 depend on the state of the
economy X.

HX(X; 1) = <oag, Xi 1>+ <a, Xe 1> W1 — pHi1)?

+< B, X1 > HE (2)

where < x,y > denotes the scalar product of two vectors

x,y € R
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We also suppose the market interest rate {r(X;)}ie7 of the bank
account B depends on the state of the economy and is modelled

as:
re =<1, Xy >, (3)

where 1 = (r1,72). The unit risk premium {\(X¢)}+e7 of the risky
asset S also depends on the state of the economy and is modelled

as:
>\t =< >\aXt >, (4)

where \ = ()\1, )\2).
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Asset price dynamics

Suppose then the dynamics of the bond and the stock price are

given by

By = Bi1 e><P(7“t—1) , Bo=1,

Sy = Si_1exp thlﬂL)\tleEJFHtVt , So=s.

Write the log-return as
S

St—l)
= Tt-1 + )\t_]_HE + HtVt . (5)

Y: = In(
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Fort € {1,2,...,T}, let My(t,u) be the conditional moment
generating function of Y; given the history of X and Y to time
t — 1 under P. Since V3| Fi—1 ~ N(ri—1 + \—1H?Z, H?),

My (t,u) = E[GXP(UYtﬂftl]

1
= exp [(rt_l + M1 H?)u + 2u2H,52] .
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Markov switching conditional Esscher transform

The Esscher transform was first used in actuarial science. It defines
a new probability measure. We shall define a Markov switching

conditional Esscher transform.

12
L.L. Chan University of Calgary



The model The model dynamics An application to the option pricing

As in Bithlmann et al. (1996), for a predictable sequence of real
random variables § = {6,}, define

t 0KV

N = —_—
t L My (k, 0)

k

t
1
= exp { Z {gkYk — (kal + Ak,lH,f)Qk — 20]%H]§] }
k=1

Then the Esscher transform is obtained if we define P? by setting

ap?

W‘ft :/\?-
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Write F;_1 for the history of X and Y up to time ¢ — 1.
Let My (u,t; 6;) denote the conditional moment generating

function of Y; given F;_1 under P?. Then, we have the following

lemma.

Lemma:

My (u,t;6;)

1
= Ee[euyt’ft_l] = exp [rt_lu + <)\t_1 +0: + 2u> thu] .
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We shall take the Esscher transform parameter:
1
9t2—<)\,Xt_1>—§. (6)

Then, the discounted price process {}%}teT is a martingale given

{Fi}ser under P
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Consider the accumulated returns from T'— k + 1 to T":
Apr =Yr g1 +Yr g2+ .. +Yr a1+ Yr

Then we can find a recursion which gives the characteristic

function of Ay, r:
Y A ()
= E [exp (zu(AkT)) ‘ka}
= &xp [Fk(w 00, T—k+1; XT—k+1, BT—k+1,TT—k> PeT—k+1) +

0 2
Gk(uu Q0T —k+1, AT —k+1, 5T—k+1, TT—k; pT—k+1)HT—k+1 )

where explicit forms are found for Fj, and Gy.
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An Option Pricing Formula

The characteristic function is the Fourier transform of the density.
Therefore, we can work in Fourier transform space to estimate
option prices. Then, at any time t € T, the price of a European

contingent claim with payoff V(Sr) is:

T
V(t, T, St|ft) = Ee |:eXp < — Tk) V(ST)
k=t

7.
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The option price equals

/ @1, () V() (1)

Here V(u) is the Fourier transform of V(Sr).
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The final expression looks like:
Let C(t, T, §;|F;) denote the time-t price of a European call option

with strike price K and maturity at time 7" . Then

C(t,T,5|F)
1
= 2est+ eXp< Z<TXk>>
00 K U dy* ( u)
/ Re[ AyrlX e ]du
0 U

T
— Kexp(—Z<r,Xk>>
k=t

TP e N
19 2 T 0 Z'LL '
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| welcome any comments or questions.
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