Chapter 8: Modelling of the
Electricity Futures Market
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Fig. 8.1 Time seriea of electricity futures price data, Contracts with immediate delivery
and varying delivery period - week {W1), month (M1}, quarter (y) and year (¥1) on
the upper panel. Contracts with varying time to delivery and yearly delivery period -
year (Y1), year (¥2) and (¥3) on the bottom panel.



Table 82 Descriptive statistics of price levels from 2
January 2001 untill 1 December 2006, a total of 1,479
trading days

Mean  Variance Skewness Kurtosis

Week
W 31.71 179.62 2.02 H.04
Wy 32,83 205.07 225 10.61
Wy 3334 212.72 2.11 9.45
Wy 33.50 214.47 2.00 872
Wy 33.62 213.04 1.93 &, 20
W 33,66 200.08 1.82 T.60
Month
M 32495 202,37 2.07 a.17
Ay 3371 205.14 1.70 6.80
A 13,692 16536 1.45 5.50
Ay 33.82 188.37 1.38 504
M 33.49 172.88 1.32 502
Ay 33,80 15064 1.32 3.25
Quarter
oy 33.52 197,18 1,72 5.98
Qs 33.40 165.26 1.30 4.92
Q3 31.69 106,68 1.10 3.06
€ 3038 69,95 01.96 3.52
s 29,70 B9.65 0.8 286
Qs 2052 79.26 0,90 1.3
v 2924 68.01 1.07 3.54
[ 2911 51.66 1.04 3.35
Year
¥ 32.23 110004 1.10 3.83
Y: 2041 58.88 Lot 3.09

¥y 2875 46,22 1.14 3,99
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A Market Model for Electricity
Futures

8.4 A market model for electricity futures

We consider a simple market model as discussed in Sect. G.4, and recall it
together with some notations. Assume that market participants trade
different electricity futures contracts with non-cverlapping delivery periods.
The price at time ¢ for an electricity futures with delivery period [v&, rs] is
denoted by Fo{#}) = F.{t, T,?, T2, e=1,..,,C. Assume that under the real
world measure the price dynamics of EL{f) is lognormal, that is,

3 F £
Fo.(t) = Fo(0} exp (f A (e )du 4 E Jf..;. o) dB;__fu]) o [(8.2)
i ke L
for ¢ < v, with By, &k = 1,...,p being independent Brownian motions and

PFex and A, continueous functions on [0, 72]. We assume that p < 7, that
is, the number of traded contracts is at least as many as we have Brownian
motions driving the swap price dynamics. This implies in particular that
the market is complete. We further note that the proposaed model does not
deal with any idiosyncratic risk. If p < ), (8.2) may allow for arhitrage op-
portunities. Including more Brownian motions will model the idiosyncratic
risk, and also rermove the possibility of arbitrage in our model. Our focus in
the coming empirical study of the modal (8.2) is on common risk, maturity

f[Benth and Koekebakker [2005)] inchade low liguidity daily contracts to their sample.
Their argument is that including the daily contracts yields more correct short—ternm
vorlatility estimmates.




A Market Model for Electricity
Futures

and seasonality effects in the volatility, thus the assumption p < C.
The logreturn over the period [tn—1.tn] of the contract F. is defined as

o [ Bl
T“'f-h‘(ﬂ[tu-:} ‘

Using (8.2), we have

tn ® En
Tpe = Ac(u)du+ 5 e xlu) dBy(u) . (8.3)
ol k=] ¥ -t
Hence, the logreturns are nonmally distributed under the real world prob-
ability. By the Girsanov transform,® the drift will be altered under an
equivalent martingale measure, while the volatility remains unchanged.
With N + 1 trading days in our sample, the N x C data matrix Xy .o

is specified as
a1 Tz - Tle
B
Xnwe = xﬂ 1‘22 - g_,c
TN TND - TN

In the next subsections we will analyse the factor dynamics, first by PCA,
and next by estimating a multi-factor parametric model for electricity fu-

tures price returns.



8.5. Principal Component Analysis

In this section we will investigate the changes in the term structure of
electricity futures price returns. PCA is utilised for the identification of
structire within a set of interrelated variables. It establishes dimensions
within the data, and serves as a data reduction technique. The aim is to
determine factors (that is, principal components) in order to explain as
much of the total variation in the data as possible.

We have a total of N observations of € return series, and collect time
series of each contract in N-dimensional vectars x1, xz...., xo. The data
matrix Xy, is then

Xnxe=[xi1 %3 x¢] . (8.4)



8.5. Principal Component Analysis

The corresponding sample covariance matrix of dimension € x C is denoted
£2. The orthogonal decomposition of the covariance matrix is

Q = PAP’, (8.5)
where

P11 P12 - P1c

P21 P22 - Poc
P=[P1P2"'PC]= s :

Pc1 o2 - Poco

and A is a diagonal matrix with the eigenvalues A1, Az, ..., Ac on the diago-
nal. The matrix P is orthogonal, with ith column, p;, being the eigenvector
corresponding to A;. P’ denotes the transpose of P. The matrix Z = XP
is called the matrix of principal components, while P the matrix of factor
loadings. The eigenvectors on the diagonal of A are by convention ordered
sothat Ay > Ay > ... > Ac. To explain all the variation in X, we need
C principal components. Since the objective of our analysis is to explain
as much as possible of the covariance structure with Jjust a few factors, we
approximate the theoretical covariance matrix in (8.5) using only the first
M < C eigenvalues in A while putting the remaining equal to zero. The
proportion of total variance accounted for by the first M factors is



8.5. Principal Component Analysis

M
i=1 ’\i

Cumulative contribution of first M factors — Z—C’"T )
i

i=1

The M factors should explain a “big” part of the total covariance of the
underlying variables. In empirical studies, one is typically choosing M so
that around 95% of the variation is explained.

Now we present the results from the PCA. First, we consider the com-
plete data set. Recall that it consists of the 16 contracts representing
the total market, {W1,..., Wy, Mo, ey Mg, Q3, ..., Qs, Ya}. Our results are
comparable to the investigations in [Koekebakker and Ollmar (2005)] and
[Frestad (2007a)]. Next, we analyse dynamics within each particular mar-
ket segment (week, month, quarter and year). The descriptive statistics
showed evidence of seasonality. Therefore all the return series have been
normalised prior to the PCA analysis. Each return series is sorted accord-
ing to the observation month, and then normalised by subtracting the mean
of the series and dividing by the standard deviation.,



8.5.1 Principal component analysis of the total date set
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Fig. 8.2 First three factor loadings for the total data set.

In Fig. 8.2 we present factor loadings across contracts for the full data
set. We see that the first factor can clearly be identified as a shifting factor.
A shock to this factor shifts all contracts in the same direction. Factor two
is the tilting factor. A shock to this factor moves weekly and monthly
contracts in one direction, and the quarterly and yearly contracts in the
opposite direction, The third factor is less clear, but it might perhaps be
interpreted as a bending factor, The factor loadings change sign twice along
the term structure, shifting the short and the long ends in one direction
and the middle contracts in the opposite one. However, factor loadings are



Table 8.5 Individual and cumluative
variance explained fromm POA for the
total data set

#  $o-explained -cumulative

1 54 %o 54 %
2 10 % 64 %
3 6 % T 5
4 5 % T8 %
5 5 % 20 %
& 4 % 85 %
ri 4 B3 %%
B 3% o1 T
] 2 % 93 %
10 1% a5 %%
11 1% a6 T
12 1% a5 5%
13 1 % 09 %
14 1 % og %
15 0 5% 100 9%
15 0 %% 100 5%
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8.5.2 Prncipal component analysis for individual rearbet
segrnents

Fig. 83 Fisst thren lactor loadings for weekly comtracts,

In Fig. 53 we plotted factor londings for the six weekly contracts. Ag
ficst glance, it seems that the shapes of the fest three factors correspond to
shifting, bending and tilting. But knowing that there are low correlations
between W5 and the other weekly contracts, we go into more detail, Note
thar the first factor afects W, lesa than the other contracts, The secondd
factor has an effect on W, and neacly gsero effect an all the other contoacts,
while the third fector is a bending factor for all contracts except Wy, beng
basically not affected at all by the third factor. In the top panel of Ta-



Table B  Factar analysis asd cocrelstion matrices for weekly amd monthly contracts

#  HWeexplained  Focumulative Correlation matrix - woskly
(£ W L Wy We Wy
1 gL iR i 13 i
a 14 % a1 % ¥ 044 1
3 6 k- Wy omn oey 1
4 3 a9 % W, D034 080 ooy g
5 % 100 %% Wi 033 075 oar  pas 1
f i 10 5% W o311 072 053 0Rs .95 1
#  Fesxploined  F-cumulative Correlation matrix — monthly
My My My My My M
1 Tl A R i i
2 8.7 ETE 'R Ay 0LED 1
¥ 4.7 ¥ i % My 0% 084 1
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§ 231 R s % My 06T 070 076 08 1
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In Fig. 8.4 we also plot the first three factor leadings for the other mas-
ket segments; monthly contracts (upper left), guarterly contraces {lower
left) and yearly contracts (lower right). For all market seginents tlue fret
factor can be identified as a shifting faceor, the sccond as a bBending factor,
end the Luicd as & tilting factor. In the bottom panel of Table 5.7 and in

Table 8.8 e ranoet fho emoaleo - - -



8.6. Estimating a Parametric Multi-
Factor Market Model

In this section we estimate a parametric market model for each market seg-
ment. For the weekly contracts we exclude W) from the analysis. Further,
we assume that the dynamics of the electricity futures price for each mar-
ket segment can be described by (8.2) with p = 3, that is, a three-factor
model. In addition, we assume that Ac(u) is constant for each ¢. Such a
specification corresponds to deterministic market prices of risk which might
be different across the contracts. This is of course a simplification, but our
main interest lies in the volatility dynamics, and not in the nature of the
market price of risk.

We also assume that the factor volatilities Y,c can be factorised into
a common seasonal function og(t) (with ¢ representing the time of year)
and a maturity dependent function &, (72 —t). The latter function depends
on the time to the start of the delivery period, 7% — ¢. Thus, the factor
volatilities can be represented as

Zh,e(t) = as(t)Tx(1 — 1), (8.6)

for K = 1,2,3. Note that 2k,c implicitly depends on the delivery period
as well, since we perform an empirical analysis for each market segment,
where all contracts within a segment have the same length of delivery (week,



8.6. Estimating a Parametric Multi-
Factor Market Model

month, quarter or year). The seasonal volatility is assumed to have the form

K
2l ; 2t
ag{t} = + Z [G;,r,: OO (3;;) =+ ©2i4 SiND (—3-%)] i (8.7

=1

If L = 1, the seasonal variation is syvmmetric, meaning that a peak in
seasonal volatility produces an egually low wvariance exactly six months
later. By increasing L, we allow for asymmetric seasonal variance. For
reasons that will become clearer later, we chose I — 4 in the estimation
procedure. The maturity function is specified as

EJ._—{TE — £} = g + {*5"1 -+ ::l'g{‘?f — E}I:] e—nlTs—t) (3.8)

This form is the same for all factors, and it is chosen for its gsimplicity and
flexibility. The functional form in (8.8) is chosen to allow for bends and
humps in the term structure of volatility, Other functions could be used

instead. One alternative specification is
FulrE —t) = og + e (1) | gpe—ra(ri—e)

This specification is used by [De Jong, Driessen and Pelsser (2004)] to
model the volatility term structure in fixed income securities. A humped
term structure of volatility can be accomplished by allowing both positive
and negative values for the parameters g, o) and oz. Our choice (8.8) is
adopted from the popular Nelson-Siegel model for the vield curve in interest
rate theory (see, for example, [James and Webber (2000)]).

TET



8.6. Estimating a Parametric Multi-
Factor Market Model

We can now compute daily normalised logreturns (with time measured
in days) as

Fre = (Tn,e — Ao) fogitn_1). (8.9}

The market price of risk A, corresponds to the estimated average logreturmn.
From (8.2} and the assumed structure of the factor volatilities, the nor-
malised logreturns become independent and centered normally distributed,
with approximative factor volatilities given by e (77 —t._1). An alternative
version of this model can be expressed in terms of principal components in
continuous time (see, for instance, Ch. 16 in [James and Webhber (2000}]),
yielding that the empirical factor volatilities can be written as WV ALPE, Where
Ak are the eigenvalues and py{v* —¢,,) are the eigenvectors of the covariance
matrix of normalised logreturns.
We estimate the maodel in four steps.



8.6. Estimating a Parametric Multi-
Factor Market Model

(1) Estimate the deterministic seasonal volatility ag(t).

(2) Normalise electricity futures logreturns using (8.9},

(3) Compute principal components from the normalised returns,

(4) For each factor, estimate the parameters of the maturity function @y
from the empirical factor volatilities obtained via the values achieved
in the previous step.

The results from the empirical analysis are discussed in the following sub-
sections,



8.6.1. Seasonal Volatility

To estimate the seasonal volatility og, we first find the empirical mean and
volatility for each contract ¢, denoted by M. and &, respectively. Next,
each price logreturn series are normalised (ignoring seasonality) using

£e(t) = (2elt) — ic) /5. (8.10)

Obviously, £.(f) will have an unconditional variance £ [Egl[f}] = 1.
The deterministic variance is assumed to be constant across maturities.
We therefore ecompute a series of average normalised squared returns

S B
HOEF-DIHOR (8.11)

ca ]



8.6.1. Seasonal Volatility

The parameters of og are estimated by minimising, in a least sguares sense,
the difference between theoretical and empirical variance, that is, by finding
the ©s which solves

. 1 =i o > =
min — gl (e2(t) —22(2))°
where T iz the sample size and ¢cs = (o1, 02,.-wC2ars1) i8 the vector of
parameters,

To account for asymmetric variance (high wvariance in December and
January), we experimented with different values of L, and settled for L = 4
for all market segments as a reasonable choice. A lower value of L did not
capture the asymmetry well, whereas a higher one did not give significantly
better fit. This resulted in nine parameters to estimate for each data set.
The parameter estimates are given in Table 8.9 and the variance functions
are plotted in Fig. 8.5, We see that the asymmetric seasonality is clearly



8.6.1. Seasonal Volatility
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8.6.2. Maturity Volatility

Next we estimate the parameters of the maturity

volatilities g (72 — ¢t).
First, we normalise logreturns using

Tne = (Tn,c — M) /Ts(tn-1}, (8.12)
where &g is the seasonal volatility obtained from the es

timated parameter
values €5 in Subsect. 8.6.1. Next, we estimate

parameters by minimising,



8.6.2. Maturity Volatility

in a least squares sense, the difference hetween theoretical and empirical
maturity volatilities obtained from a PCA of Ti,e, that is,

¢ 2

w 1 = - i

G 2 ("*'fff = ta) = Abi(7? - tn}) -
Fal

Here, Ai are the empirical eigenvalues and
eigenvectors, Furthermore, my, = {an, oy, g,
for the maturity function.

Pe(r) - tn) are the empirical
k) is the vector of parameters
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8.7. Normalized Logreturns and
Heavy Talls

In this Chapter we started out quite ambitiously with building a model that
instantaneously incorporates all market segments (contracts with different
delivery period length). Then we pursued a less ambitious task, by isolating
each market segment and estimating multi-factor models for each segment
(week, month, quarter or year). In this final section, we will not attempt to
model joint dynamics at all, but instead focus on single contracts. That is,
we pick a single contract with a specified time to delivery and a specified
delivery period. We analyse the distributional properties of normalised
logreturns, and show that they are far from being Gaussian. Clear signs
of heavy tails are detected in all market segments, and we show that the
NIG distribution models the stylised facts of the normalised logreturns in
an excellent way. Our results are in line with the studies of [Frestad, Benth
and Koekebakker (2007)).



8.7. Normalized Logreturns and
Heavy Talls

Since we do not assume any particular parametric form for seasonality
or maturity, we apply a different normalising routine than the one in the
previous Section. For each contract in the market, we transform logreturns
according to

Tn,e = (:Bn,c - mS,c) /US,C 1

where mg,. and og,. are (seasonal) mean and standard deviation for
¢=1,...,C, respectively. We assume that mg . and og . are constant within
each month. Therefore each data series is sorted according to month, nor-
malised by subtracting the mean and dividing by standard deviation. Since
we do this for each contract, both the seasonality and the maturity effects
are removed from the data. In Table 8.11 the estimated parameters for
the NIG distribution are presented for the six weekly contracts, starting
with immediate delivery, and then delivery starting next week, two weeks
later and so on. In addition, we include the estimates of the shape trian-
gle parameters (defined in (2.32)), where in particular we observe that ¢ is
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The estimates for the monthly contracts are found in Table 5.12, We fimd
esiimates being slmilar to the weekly anen, wejel, smaybe lower £ parsmeter
in the shape triangle. The Pararneter ¥ iz close to zero for all aix months,
a reflection of hardly any skewness in the data. As a consequence of the
data normalisation, the estimsfes aof i are close to mero. It seems to be
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The results for the quarterly contracts are presented in Table Eo1E,
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for the yearly contracts there is & tendency towards o smaller £, in com-
parison to the contracts with quartely delivery period. It is hard to draw

Tokle 8.4 NI parameters estlmated far vescly conttects

Wonr = o g & £ x

1 IRNES Bas —0uER 09 073 —mday
2 aos L1d -0ioE 1 O8F  —0.087
¥i 0100 e -0l 097 nvl —0T3




In the panel plot deplcted in Fig. B.7, we ashow the Aitied NG discribas-
tion tegether with the ermpirical and standard normal. The chosen oonbraces
are VR (fop left]), MY (tops right), COFF (horeoon fefe) and 2 (botbom righe).
VWe see that the tails are heavy, and thar the WIS distribuation is suparior
oo the normal in fitting the datea along length of the delivesy period amd
time to delivery. The center of the empirical distribution Is more pesky
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Fig. 87 Density pkia of the ampirbcal, MWEE and stamdord narmal distribotions fog
normalised logreturns of shectrecsiy Tatores pricea, The top roew contmios plets for the
secoad wewsk (left) ard the second menth drightlk. The bottosn row contains plots ol
the second quarter (beft] and the socopd yesr (right]. For ecach electricity Fotapes, we
imrharded the deneicy plet om logarithemic scale tu highlight che Tadls.




The Empirical Analysis Suggests a
Market Model Including Jump
Processes

F::“:] = Femj EEP{TEJHD '

where J is a NIG Lévy process. Thescaling factor T, can be interpreted as a
volatility structure, It may be hard to determine one se of parameters for J



The Empirical Analysis Suggests a
Market Model Including Jump
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and scaling functions T, which matches the estimated NIG distributions for
the logreturns in question. Also, it is unlikely that we have a close to perfect
dependency between the contracts, as discussed by [Frestad (2007b)]|. The
alternative is to model the electricity futures price dynamics by

F.(t) = F.(0) exp(Jc(?)),

with one NIG Lévy process J. per contract ¢. This makes it simple to
estimate the characteristics of J. directly from data. The next step then is
of course to introduce a possible dependency structure on the contracts. If
we choose a multivariate NIG, we would need to estimate the distribution
parameters on all data, a difficult numerical task taking into account the
dimension of the market and amount of data available. A copula structure
is another possibility, as discussed in Subsect. 6.4.1.



8.8. Final Remarks

2.8 Final remarks

In this chapter we conducted an empirical investigation of market madels
at Nord Pool. This research is, at the time of writing this book, =till in its
infancy, and we will probably see a lot of new developments.

‘There seems to be low correlation between the very short end of the term
structure (spot price), and the financial contracts trading at the exchange.
If spot price models are to be used, they should be estimated on the traded
contracts, and velatility must be estimated on implied volatility or empirical
term structure volatility., But then a market model approach seems to be far
superior to spot price models. However, a market model approach does not
solve all our problems. Modelling all contracts simultaneously is a daunting
task. Financial electricity contracts secm to behave more idiosyneratic than
what we usually see in other commodity markets, Modelling different parts
of the term structure individually may be a better idea than modelling all
contracts simultanecusly in the market. Of course this does not help us
if we need a model for the whole market {(which is the case, for example,
when analysing portfolic Value at Rtisk for a trading department). From
an empirical perspective, the models investigated in this Chapter are still
a long way from being satisfactory term structure models.
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