Variance and Volatility Swapsfor stochastic volatility models based on Lévy processes
:

Variance and Volatility Swaps
for stochastic volatility models based on Lévy

processes

Matthew Couch
The University of Calgary

August 19, 2010

UNIVERSITY OF
CALGAI



Variance and Volatility Swapsfor stochastic volatility models based on Lévy processes
L Outline

Levy Processes

Asset price modeling and Derivative Pricing based on Lévy
Processes

Measures Variance and Volatility

Review of SV Models
CIR and OU Processes
Asset Price Models with Stochastic Volatility

Variance and Volatility Swaps
Variance and Volatility Swaps in The BNS Model Without
Leverage
Realized Variance for Models With Compound Poisson Asset
Price Jumps
Variance Swaps for Time Changed SV Models

Bibliography



Variance and Volatility Swapsfor stochastic volatility models based on Lévy processes

L Levy Processes

Levy Processes Definition:

A cadlag stochastic process X = {X;, t > 0} with Xo =0 a.s. is
called a Lévy process if the following are satisfied Applebaum
[2004]:

1. X has independent increments: i.e. for each n € N and
0>t1...the1 < oo, {Xg,, — Xj, 1 <j < n} are independent;

. . d
2. stationary increments:. for any th+1 — Xj:XtHl,tj — Xo;

3. stochastically continuous: for all t > 0 and € > 0:

Iith(|Xt —Xs| >€)=0.
s—
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L Levy Processes

Lévy-Khinchine Formula for Lévy Processes

The characteristic function of X; is given by ¢(u) = e!¥) (¢t > 0
and u € R), where 7(u) is known as the characteristic exponent, or
Lévy symbol, of the process. The characteristic exponent of L; can
be be expressed as

o) = b )5 Auys [ [ i )T, (),

where (b, A, v) are the characteristics of X; Applebaum [2004].
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L Levy Processes

Moments and Cumulants of Lévy Processes

Let {X:,t > 0} be a Lévy process with Lévy triplet (b, A,v). The
n-th absolute momnt of X;, E[|X:|"] finite for every t > 0 if and
only if f|X‘>1|x]”y(dx) < 00. In this case the moments of X; can be
calculated from its characteristic function Cont and Tankov [2004]:

E[X:] = t(b +/ xv(dx), (1)

Ix|>1
Var[X¢] =t (A + / Z x2u(dx)> , (2)
cn(Xt) = t/o; x"v(dx) for n>3. (3)
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L Levy Processes

Examples of Lévy Processes

Familiar examples of Lévy Processes include:
» Standard Brownian motion
» Brownian motion with drift
» The Poisson process

» The compound Poisson Process

u]
8]
I
i
it
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L Levy Processes

Lévy Subordinators

» The gamma subordinator is the processes defined as
T ={T(t),t > 0}, where each T(t) has a gamma
distribution, that is:

b a1 b
fr(t)(X) = r(at)x € )
for x > 0, is referred to as a gamma(a, b) process Schoutens

[2003].

» The inverse Gaussian subordinator is the processes defined
asT = {T(t),t > 0}, where each T(t) has an inverse
Gaussian distribution, that is:

242
fr(x) = z—t exp <2Ct\/7r>\ Coax - It ) ,

x3/2 X

for x > 0 Schoutens [2003].
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L Levy Processes

Subordinated Brownian Motion with Drift

» The variance gamma (VG) process as introduced in Madan
and Seneta [1990] results from a stochastic time changed
Brownian motion with drift, where a gamma process acts as
the time change.

» The The Normal Inverse Gaussian (NIG) Process as
introduced in Barndorff-Nielsen [1997] results from a
stochastic time changed Brownian motion with drift, where a
inverse Gaussian process acts as the time change.
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L Levy Processes

The Lévy-16 Decomposition

Let X be a Lévy process, then there exists b € R?, a Brownian
motion Wy, with covariance matrix A, and an independent Poisson
measure N on R, x (R? — {0}) such that, for each t >0,

Xy = bt + WA(t)+/

xN(t, dx) + / xN(t, dx),
[x|<1

Ix|>1

where N(t, dx) = N(t, dx) — tv(dx).
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LAsset price modeling and Derivative Pricing based on Lévy Processes

Asset price modeling and Derivative Pricing based on Lévy
Processes

We closely follow the presentation of the material in Schoutens
[2003].
» Let S; be the price of our stock at time t.
> Assume that S; = Spe™ ™+t where L = L;,L > 0 is a Lévy
process defined on a filtered probability space (2, F, P).
> Let V(S;) = V; be the value of our derivative at time t.
>V, = (T Eq[ V1| F:] where r is the risk free rate of
interest and Q is an equivalent probability measure such that

the discounted asset price process, {e "S;,t > 0}, is a
martingale.
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LAsset price modeling and Derivative Pricing based on Lévy Processes

Equivalent Martingale Measures

» Esscher transform see Gerber and Shiu [1994]

» The mean correcting martingale measure as presented in
Schoutens [2003], is obtained by adding setting the drift term
as follows:

m = r — log ¢(—1).

where ¢ is the characteristic exponent of the driving Lévy
process. This approach is used in the following examples.
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LAsset price modeling and Derivative Pricing based on Lévy Processes

Examples of Lévy Process Based Models

The Black-Scholes Model Black and Scholes [1973]
The jump diffusion models of Merton [1976] and Kou [2002]

The variance gamma stock price model of Madan et al. [1998]

vV v v Y

The Normal inverse Gaussian stock price model of
Barndorff-Nielsen [1997]

The Meixner stock price model of Schoutens and Leuven
[2001]

v
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LAsset price modeling and Derivative Pricing based on Lévy Processes

Calibration of Lévy Process Option Pricing Based Models

We calculate the implied model parameters in MATLAB for the
Black Scholes, VG, NIG and Mexiner models based on the data in
Schoutens [2003] (call option prices on the S&P 500 Index at the
close of the market on 18 April 2002). For the VG, NIG and
Mexiner models we use the FFT pricing method of Carr et al.
[1999].

Table: Pricing Errors for Lévy Models

’ Model H ape \ aae \ rmse \ arpe

NIG || 3.9097 | 2.4129 | 3.0526 | 6.2563
Mex || 4.1165 | 2.5405 | 3.1863 | 6.78108
VG 4.6964 | 2.8984 | 3.7255 | 6.3573
BS 7.9857 | 4.9283 | 3.7255 | 6.3573




Variance and Volatility Swapsfor stochastic volatility models based on Lévy processes

LAsset price modeling and Derivative Pricing based on Lévy Processes

Calibration of Lévy Process Option Pricing Based Models

option price

2m

180

160

o
e o
& o o
Shpe o
Sogae
godd
S ©
® ®
oy 0 0
0 o
®
e o
¢ ®

@

@
&
E

1000

1100

1200
strike price

1300

1400

1500

option price

ox o
oxa o« o
00X 0

o o0

ax

o
6 9 Ox0 x

o

P}
x 0

2o
3
0s 5
&

B

[9)

e
@

axoxox

&
6
2
o

& oo

@

Q0 xox

@
P

xo &
@ B
30980 1 © &

1000

1100 1200

strike price

1300 1400

Figure: NIG and BS Models Calibrated to Market Option Data
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LMeasures Variance and Volatility

Realized Variance

The following definitions are taken from Demeterfi et al. [1999].
Given a time interval [0, t] and a sample of N + 1 data points (daily
closing prices) So, S1, ..., Sy with N = t we define the realized
variance v3(t) is defined as follows (Cont and Tankov [2004]):

N S
At =Y log (). *)
n=1 n—1

The annualized realized variance, 0',2?(1'), is defined as:
or(t) = vA(t)
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LMeasures Variance and Volatility
:

Realized Volatility

The realized volatility is defined in a similar way:

& S
vRr(t) = log?(—).
(0= o lg(5)
The annualized realized volatility, og(t), is defined as
O'R(t) = \/AEVR(t).
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LMeasures Variance and Volatility

Quadratic Variation and Realized Volatility

We recall that the quadratic variation process of a semimartingale
X: on a time interval [0, t] is the cadlag process defined by Cont
and Tankov [2004]

t
(X, X]: = | X¢|? — 2/ Xu_dX,.
0

Given a mesh m = 0 = tp, t1...tp11 = t, we may write the realized
variance of S; over 7 as

= 3 log(2LY = 3 (X1 — X, )2,

S
tien ti +1 ten

and thus

v,%(w)i[X,X]t as n — oo. (6)
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LMeasures Variance and Volatility

Quadratic Variation and Realized Volatility

We approximate the expected annualized realized variance using
the expected quadratic variation:

1
EU%?(T)%7E[X7X]T (7)
similarly, the expected annualized realized volatility is given by:
1
Eor(T)~ —=E[X, X]r (8)

VT
For a detailed investigation of above approximation, see
Barndorff-Nielsen and Shephard [2002]. Throughout the rest of the
discussion, we will drop the approximation notation and assume
that equality holds in (7) and (8).
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LMeasures Variance and Volatility

Implied Volatility

» In the Black Scholes model, if we fix all variables except Black
Scholes volatility parameter ¢ there is a one to one
relationship between asset price and o.

» The implied volatility is the value of o that corresponds the
observed option price (for a given strike price and maturity
date) Schoutens [2003].

» If we plot the implied volatilities for available option strike
prices and maturities we obtain the implied volatility surface
with its typical skew or smile.
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LMeasures Variance and Volatility

Implied Volatility

We note that in the Black Scholes case the implied volatility and
annualized quadratic variation coincide; that is, if X; is the log
returns process of the Black Scholes model then [X, X]; = ot so
the annualized quadratic variation is

1

1
FX: X]r = 7a2T = o

The concept of Implied Volatility only exists within the context of
the Black Scholes model. In section 7.5, Cont and Tankov [2004],
and Carr et al. [2005] suggest that the expected quadratic
variation should be used as a model independent measure of
volatility in non-Gaussian continuous time models.
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L Review of SV Models
LCIR and OU Processes

The CIR Process

The The-Cox-Ingersoll Ross (CIR) process is defined by the
following stochastic differential equation Schoutens [2003]:

dvy = k(n — ve)dt + \/vedW,

where {W;, t > 0} is a standard Brownian motion.
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L Review of SV Models
LCIR and OU Processes

Positive OU Processes

The positive OU process as presendted in Barndorff-Nielsen and
Shephard [2001b] is defined by the following stochastic differential
equation:

th == —)\tht + dZ/\t, (9)

where Z = {Z;,t > 0} is is a Lévy subordinator.
Only positive OU processes will be considered in this presentation.
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LReview of SV Models
L CIR and OU Processes

The gamma-OU Process

If v has a gamma(a,b) marginal law, then the the BDLP Z is a
compound Poisson process Schoutens [2003]:

N
Zt = E Xn,
n=1

where N = {N;,t > 0} is a Poisson process with intensity
parameter a and {x,,n=1,...} is an iid sequence of of
gamma(1,b) random variables. Thus we have

Elz) =5 (10)
Var(Z,] :% (11)
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L CIR and OU Processes

The 1G-OU process:

If v has a IG(a,b) marginal law, then the the BDLP Z is the sum
of two independent Lévy processes, Z(1), Z(2) that is:

7={zM+2z? t>0}

where Z(Y) is an 1G(a/2,b) process and Z(?) is a compound
Poisson process Schoutens [2003]:

Nt
Zy = i X2
b2 Zl n

n=

where N = {N;,t > 0} is a Poisson process with intensity

parameter 22 and {x,,n=1,...} is an iid sequence of of N(0,1)

random variables.
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L_CIR and OU Processes

The 1G-OU process:

Thus we have the following:

at

(12)

(13)
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LReview of SV Models
LAsset Price Models with Stochastic Volatility

The Heston Stochastic Volatility Model

The Heston stochastic volatility model Heston [1993] extends the
Black Scholes Model by replacing the constant volatility parameter
o with a CIR process.

The risk neutral dynamics of the Heston model are given by:

d5t = rStdt =+ Utstth(l),
daf = r(n — af)dt + QUtth(Z),

where where {Wt(l), t >0}, {Wt(z)7 t > 0} are standard Brownian
motions with correlation p. We note that we may write

Wt(l) = pW; + \/(1 - p2)Wt(2) where Wt(2)7 W, are independent
Brownian motions.
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LAsset Price Models with Stochastic Volatility

The Bates Stochastic Volatility Model

The risk neutral dynamics of the Bates model Bates [1996] are
given by:

d
SSt (r = Aj)dt + oedW ™ + JedN,,
t

do? = k(n — o2)dt + Hatth(2),

where where {Wt(l), t >0}, {Wt(2)7 t > 0} are standard Brownian
motions with correlation p, {N¢, t > 0} is a Poisson process with
intensity A and {J, t > 0} is the jump size distribution, with

EJ; = py and \/var(l + log(J;)) = 0j; N¢ and J; are independent,
and independent of Wt(l) and Wt(2)
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LAsset Price Models with Stochastic Volatility

Barndorff-Nielsen and Shepard Model

In Barndorff-Nielsen and Shephard [2001a] it is shown that the risk
neutral dynamics of the BNS model may be given by the following:

Sp = Spet (14)
1
dX; = (r — M(p) — 5af)dt + o:dWs + pdZ )y,
do? = —\o?dt +dZy;, o5 >0,

where p > 0,\ > 0, {W;,t > 0} is a standard Brownian motion
and {Z;,t > 0} is a subordinator and /(p) is the Laplace exponent
of Zt.
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L Review of SV Models
LAsset Price Models with Stochastic Volatility

Barndorff-Nielsen and Shepard Model

Given Sy and og, the conditional characteristic function of the risk
neutral BNS model exists in the following closed form:

Ox. (1) = exp(iu(log so + (r — AM(—p))t))

y exp(/u(_%(lﬂ +iu)(1 — exp(=At))o2))

t
X exp (A/ I(piu + i(u2 + iu)(1 — e_’\(t_s)))> :
0 2)
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L Review of SV Models
LAsset Price Models with Stochastic Volatility

Barndorff-Nielsen and Shepard Model

We calibrate the IG-BNS model to the data in Schoutens [2003]
(call option prices on the S&P 500 Index at the close of the market
on 18 April 2002).

Figure: Calibration of the IG-BNS Model With Leverage
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LAsset Price Models with Stochastic Volatility

Barndorff-Nielsen and Shepard Model

Table: Calibrated Parameters for |G BNS Model
L e | X | a | b | o5 |
| —2.6470 | 0.8844 | 0.2125 | 5.5868 | 0.0183 |

Table: Pricing Errors for IG BNS Model

| ape | aae | rmse | arpe |
| 1.5531 | 0.9585 | 1.1748 | 3.0642 |
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LAsset Price Models with Stochastic Volatility

Time Changed Levy Processes
Let {L;,t > 0} be a Lévy process and V = {V;,t > 0} be an
integrated OU or CIR process. We consider we consider the
following process:
Y= LV(t)v
We may further extend the above to include the leverage effect, as
in Carr et al. [2003], and Kallsen. [2006] as follows:
Yt = LV(t) + pZt

We adding a drift term m we have the following exponential model:

St = Sp exp(mt + Yy).

The risk neutral dynamics may be found in Schoutens [2003]
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L Review of SV Models

LAsset Price Models with Stochastic Volatility

CIR Time Change:

CIR Time Change:

Ye = Ly + p(vi — vo), (15)
dvy = k(1 — ve)dt + 0\/vetdZ;.

where L is a Lévy process wither levy triplet (b, Ar,v1), vis a CIR
process driven standard Brownian motion Z with Lévy triplet
(bz,Az,vz) = (0,1,0) and V; = [; vsds; and assumed to be L,
independent.
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L Review of SV Models
LAsset Price Models with Stochastic Volatility

OU Time Change:

OU Time Change:

Xe = mt + Ly + pZt, (16)

where L is a Lévy process with Lévy triplet (by, Ar,vi) V is an
integrated OU process and with BDLP Z, the Lévy triplet of Z is
given by (bz,Az,vz) ; we assume that L and Z are independent.
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L Review of SV Models
LAsset Price Models with Stochastic Volatility

Remark

We note that in the models review above, the characteristic
function is known in closed form. This allows for option pricing
using FFT and hence calibration to option prices, as shown in the
case of the BNS model.
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LVariance and Volatility Swaps

Variance Swaps

» A variance swap is a forward contract on the annualized
realized variance of daily closing prices.

» The payoff at expiry for a variance swap, Demeterfi et al.
[1999] to:

N(o&(T) — Kyar)-

> the value of a variance swap at time t, VG%(St), is the present
value of expected payoff of the swap in the risk neutral world:

Vo2 () = Ne™ (T (Eloj(T)IFe] = Kuar)- (17)
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LVariance and Volatility Swaps

Volatility Swaps

» The payoff at expiry for a volatility swap Demeterfi et al.
[1999], is equal to
N(or(T) — Kyor)-

» The value of a a volatility swap at time t, V,.(5;),is the
present value of the expected payoff of the swap in the
risk-neutral world:

Voo (St) = Nem"T=O(E[or(T)|Fe] — Kuot).  (18)
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LVariance and Volatility Swaps

Volatility Swaps

Since we generally model the variance process o2, rather than the
volatility process, o, the following approximation (Brockhaus and
Long [2000])has often been used when pricing volatility swaps:

E\/> \/7 Var[a,g]/2 (19)

A derivation of the above approximation may be found in Javaheri
[2004]. We note that the approximation is based on a Taylor
expansion, and does not depend on the choice of asset price model.
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LVariance and Volatility Swaps

Remark

Since no money is usually exchanged when the contract is written,
to be arbitrage free the present value of the expected payoff should
be equal to zero, in both variance and volatility swap contracts, i.e.

e "(DE[N(oR(T) — Kvar)| Fo] = 0 = E[o&(T)|Fo] — Kiar =0,

similarly,

e "ME[N(or(T) — Kier)|Fo] = 0 = E[or(T)|Fo] — Kior = 0.

Thus the fair strike price of the swap should be equal to the
expected value of the the realized variance, Kyor = E[0%( T)|Fo]
and Ko = E[or(T)|Fo] Demeterfi et al. [1999].
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LVariance and Volatility Swaps
LValriance and Volatility Swaps in The BNS Model Without Leverage

Variance and Volatility Swaps in The BNS Model Without
Leverage

If we set the leverage parameter p = 0 in the BNS model (14) we
have the following:

Sp = Spet (20)
1
dX; = (r = M(p) = So7)dt + o SedW D, (21)
do? = —\o?dt +dZy;, 0§ >0,

where A > 0, {W;, t > 0} is a standard Brownian motion and
{Z;,t > 0} is a subordinator.
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LVariance and Volatility Swaps
LVariance and Volatility Swaps in The BNS Model Without Leverage

Variance Swaps in The BNS Model Without Leverage

Variance Swaps
We may determine E[fOT 02 | Fo] using the characteristic function

of the integrated OU process as in Barndorff-Nielsen and Shephard
[2003] and Schoutens [2003], thus we have the following:

Kuor = Eloh(s) | Fo] = -~ 0PN gz AL 00N gy
(22)
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Volatility Swaps in The BNS Model Without Leverage

Volatility Swaps

In order to apply the Brockhaus-Long approximation (19), we need
an expression for the variance of the realized variance, that is
Var[o% | Fo]. We note that

1 T
Var[a,% | Fo] = ﬁVar [/0 03 ].7-'0} ,

which may again be determined using the characteristic function of
the integrated OU process fOT o2 Barndorff-Nielsen and Shephard
[2003].
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Volatility Swaps in The BNS Model Without Leverage

Thus we have:

Var[Z;]

Var[o | Fo] = (TV?

1
(AT —21—e )+ 51— e—”T)) .
We may substitute the above expression into the the
Brockhaus-Long approximation (19) in order to determine the fair
volatility swap strike price.
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Volatility Swaps in The BNS Model Without Leverage

We plot variance and volatility strike prices for an IG BNS model
with the following parameters: based on the parameters in 6 (but
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Figure: Variance and Volatility Swap Strike Prices for IG-BNS Without Leverage
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LRealized Variance for Models With Compound Poisson Asset Price Jumps

Realized Variance for Models With Compound Poisson
Asset Price Jumps

Consider a log returns process of the following form:

dXt = mdt + ot Wt + Jtht, (23)

Where {W;,t > 0}, is a standard Brownian motion, {¢2,t > 0} is
a CIR or OU process, {N;, t > 0} is a Poisson process with
intensity A > 0 and {J;, t > 0} is the jump size distribution, with
EJ; = py and \/var(l +log(Jt)) = 0; Ni, Jp, W; and o2 are all
independent. In this case, due to the presence of the jump process
{Jt, t > 0} in the log returns, we may no longer take o; to be the
volatility in the Black Scholes sense.
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Realized Variance for Models With Compound Poisson
Asset Price Jumps

If we assume the log returns process has jumps the form (23) then
the realized volatility may be calculated as thus as in Broadie and
Jain [2008]

T Nt
IX.X] = /0 o2t + 3 A2,
j=1

and hence

1 T 1
E [o&(T)| Fo] = +E M afdt|fo} - 7>\E72. (24)

This approach has been applied to the Bates model in Broadie and
Jain [2008].
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Expected QV for Time Changed Models:

In order to calculate the expected realized variance for asset prices
models with jumps, other than the compound Poisson case, and to
incorporate the leverage effect, we consider the results of Kallsen
et al. [2009]:

If X is the log returns process of a time changed SV model of the
form (16),(15) and if [ E(vs)ds < 0o, [~ x?v;(dx) < oo and

J2 x?vz(dx) < oo, then:

E([X, X]1 | Fe) = do + P1ve + [X, X]e. (25)

where ®1, ®, are as defined as follows.
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L Variance Swaps for Time Changed SV Models

CIR Time Change:

_ o H(T=1)
¢1(t) _ 1—e

Po(t) =

K

(o?p® + Var[L1])),

n(e""(T_t) — 1+ k(T —1))

(0?p® + Var[L1]) .
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L Variance Swaps for Time Changed SV Models

OU Time Change:

_ e~ MT-1)
¢1(t):1 e

Var[Ly],
e—A(T—t) _ _

Oo(t) = ST (varfwa)) (E122)
+ (T — t)p?Var[Zy].
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Variance Swaps in Heston’s Model with Leverage

We may now generalize the result in Swishchuk [2004] to the case
where for the case where the volatility processes is correlated with
asset prices.

In this case L is a standard Brownian motion, thus
(br,Ar,vi) =(0,1,0) The realized variance at time t becomes

E([X7X]T|‘7:t) :cDO +¢1Vt + [X7X]ta

o e—H(T—t)
=(0?p* +1) <1H(Vt —n)+n(T - t))

+ [X, X]:.
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Variance Swaps in Heston’s Model with Leverage

Thus the fair strike price for a variance swap is given by:

1—e (T
Kvar: (0‘2,02_|_]_) (T(VO_U)+n> . (26)

If we set p = 0 this reduces to the usual result for the Heston
model with independent volatility.
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Variance Swaps in the Bates Model with Leverage
We consider the following version of the Bates model:

dX; = pdt + e WS + pdve + JpdN,
th = Ii(ﬁ — Vt)dt + 6\/7ttth7

where L is a Lévy process, v is a CIR process and V; = fot vsds,
{N¢, t > 0} is a Poisson process with intensity A and {J;,t > 0} is
the jump size distribution, with EJ; = py; Ny, Jg, Wt(l) and W; are
independent.

In this case the leverage effect is included through the term pdv;.
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Variance Swaps in the Bates Model with Leverage

The QV of the log returns process is given by:

N
X, X]e = [Xe, XJe + > 77,
j=1
taking expectations and applying (26) as in Broadie and Jain
[2008], results in the following expression for the variance swap
strike price:

1—e (M) 1
Ko = (0202 +1) [ ———(vp — Z\EA2.
(o°p° + )( - (vo n)+n)+T>\ ¥
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Variance Swaps in the BNS Model with Leverage

In the OU time change model with leverage, if we choose L to be a
standard Brownian motion, we have the BNS model:

E([XaX]T|]:t) :q)O + q>1Vt + [X7X]t7
e MT=1) 14 N(T — 1)

- s (Elz2)
— e MT-1)
+ (T — t)p?Var[Z1] + L-e 3 Ve

+ [X, X]¢.
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Variance Swaps in the BNS Model with Leverage

If v has a IG(a,b) marginal law, then we have the following:

e MT) 14 X(T) /a
Kuar = T2 <E)
7 p3 ™

For example with a maturity date of 6 months we obtain
Kyar = 0.0401, based on the parameters in 6



e
Variance and Volatility Swapsfor stochastic volatility models based on Lévy processes

LVariance and Volatility Swaps
L Variance Swaps for Time Changed SV Models

0.06 0.24
0235
00ss 023
0225
005 022
0215
0045 021
0205
0.04 02
0195
B R N T e R A T

Figure: Variance Swap and " ‘Naive”’ Volatility Swap Strike Prices for IG-BNS
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