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Introduction

Why?
@ Describe the observed reality of financial markets in a more
accurate way than models based on Brownian motion
o Asset price processes have jumps or spikes

e Empirical distribution of asset returns exhibits fat tails and
skewness

@ In the ‘risk-neutral world, we observe that implied volatilities
are constant neither cross strike nor across maturities

Lévy processes?
@ Processes with independent and stationary increments are

named Lévy processes after the French mathematician Paul
Lévy (1886- 1971)
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Lévy process

Let (Q, F, F, P) be a filtered probability space, where F = Fr
and the filtration F = (F).c[o, 7] satisfies the usual conditions

Definition 2.1
A cadlag, adapted, real valued stochastic process L = (L¢)r>0 with
Lo =0 a.s. is called a Lévy process if the following conditions are
satisfied:
(L1): L has independent increments, i.e. Ly — Lg is
independent of Fs forany 0 <s<t< T.

(L2): L has stationary increments, i.e. for any s, t > 0 the
distribution of L;,s — L; does not depend on t.

(L3): L is stochastically continuous, i.e for every t > 0 and

e > 0:
Iimt P(|L; — Ls| > €) = 0.
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Infinitely divisible

Let X be a real valued random variable, denote its characteristic

function by ¢x and its law by Px, hence px(u) = / e’ Py (dx).
R

Definition 4.1
The law Px of a random variable X is infinitely divisible, if for all

n € N there exist i.i. d. random variables Xl(l/"), . X,Sl/") such

that

ey

(4.1) x94=xW" 4 4 x .
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Infinitely divisible

Alternatively, we can characterize an infinitely divisible random
variable using its characteristic function.

Definition 4.2

The law of a random variable X is infinitely divisible, if for all
n € N, there exists a random variable X(l/”), such that

(4.3)  x(u) = (pxarm(u)”
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Infinitely divisible

Example 4.3 (Normal distribution)

Using the second definition, we can easily see that the Normal
distribution is infinitely divisible. Let X ~ Normal(u, 02), then we
have
. 1,55
px(u) = expliup - Suo7]
1 2
= exp [n <iu'u — u20>]
n 2 n
1,021\
- (o]t 377
n 2 n
= (exasm(u))”
poo?
where X(/7) ~ Normal <, >
n’n
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Infinitely divisible

Example 4.4 (Poisson distribution)

Following the same procedure, we can easily deduce that the
Poisson distribution is infinitely divisible. Let X ~ Poisson(2\),
then we have

px(u) = exp[A(e” —1)]
= exp [ni(e"“ — 1)]

= (ew 1))

= (pxa/m(u)”

where X (/1) ~ Poisson <;\)
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Infinitely divisible

Examples
@ compound Poisson distribution
@ exponential

I-distribution

geometric

negative binomial

Cauchy distribution

@ strictly stable distribution
Counter-examples

@ uniform

@ binomial
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Lévy-Khintchine formula

Theorem 4.6

The law Px of a random variable X is infinitely divisible if and only
if there exists a triplet (b, ¢, v), with b€ R, c € Ry and a

measure satisfying v({0}) = 0 and /(1 A |x[?)v(dx) < oo, such
R
that
2

(4.4) E[e"X] = exp[ibu—U2C—i—/R(e’-”X—l—iux]l{|x<1})1/(dx)].

v
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Lévy-I1t6 decomposition

Theorem 5.1

Consider a triplet (b, ¢, v) where b € R, ¢ € Ry and v is a measure
satisfying v({0}) = 0 and /(1 A |x|?)v(dx) < co. Then, there exists a
R

probability space (2, F, P) on which four independent Lévy processes
exist, L), L) () and L®), where L() is a constant drift, L?) is a
Brownian motion, L®) is a compound Poisson process and L™*) is a
square integrable (pure jump) martingale with an a.s. countable number
of jumps on each finite time interval of magnitude less that 1. Taking
L=1LD 413 4 [G) 4 [(4) we have that there exists a probability space
on which a Lévy process L = (L;):>0 with characteristic exponent

2

(5.1)  (u) = iub— % + /R(e"“X — 1 — iuxT gy <1y)v(dx)

for all u € R, is defined.
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Lévy-Khintchine formula (Outline of Proof)

Outline of Proof
We split the Lévy exponent (5.1) into four parts

w = ¢(1) A d)(2) A ﬂ)(?’) u w(“)

where

U2C

W (u) = iub, ¢ (u) = ==

() = /| (e 1),

¢(4)(“) — / (ei”X — 1 — jux)r(dx).
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Lévy-Khintchine formula (Outline of Proof)

Outline of Proof (Continued)

o let AL™® denote the jumps of the Lévy process L(*)

o let ,u,’-(4) denote the random measure counting the jumps of
1(4)

@ construct a compensated compound Poisson process

(= 3 AL£4)]1{1>‘ NI / xv(dx))

0<s<t 1>|x|>e€

t
:/ / qu(4)(dx,ds) - t(/ xv(dx))
0 J1>|x|>e 1>|x|>e
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Lévy-Khintchine formula (Outline of Proof)

Outline of Proof (Continued)

@ Show that the jumps of L®*) form a Poisson point process.

@ Get that the characteristic function of L% is

@ There exists a Lévy process L(*) which is a square integrable
martingale and L) — L®*) uniformly on [0, T] as ¢ — 0+ with
Lévy exponent ().

@ Therefore, we can decompose any Lévy process into four
independent Lévy processes L = L(1) 4+ [(2) 4 [B) 4 [(4) je.

(5.2) Le= bt+ /oW, + //|x|>1 L(ds, dx)

+(/0t /X|<1 xpt(ds, dx) — t/|x<1XV(dX))
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The Lévy measure

Lévy measure

@ The Lévy measure v is a measure on R that satisfies
6.1) v({0}) =0 and /(1 A Ix2)u(dx) < oo.
R

@ A Lévy measure has no mass at the origin, but singularities (i.e.
infinitely many jumps) can occur around the origin (i.e. small
jumps).

@ Intuitively speaking, the Lévy measure describes the expected
number of jumps of a certain height in a time interval of length 1.

The Lévy measure of the Lévy jump-diffusion is v(dx) = X - F(dx); from
that we can deduce that the expected number of jumps, in a time
interval of length 1, is A and the jump size is distributed according to F.
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The Lévy measure

Distribution function of the Lévy measure of the Poisson process
and the Density of the Lévy measure of a compound Poisson
process with double-exponentially distributed jumps.
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The Lévy measure

The density of the Lévy measure of an NIG and an a-stable

process.
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The Lévy measure

Proposition 6.1

Let L be a Lévy process with triplet (b, ¢, v).

(1) If »(R) < oo then almost all paths of L have a finite
number of jumps on every compact interval. In that
case, the Lévy process has finite activity.

(2) If ¥»(R) = oo then almost all paths of L have an
infinite number of jumps on every compact interval.
In that case, the Lévy process has infinite activity.
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The Lévy measure

Proposition 6.2

Let L be a Lévy process with triplet (b, ¢, v).

(1) If c=0and |x|v(dx) < oo then almost all
Ix|<1
paths of L have finite variation.

(2) f c#0or / |x|v(dx) = oo then almost all paths
x|<1
of L have infinite variation.
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The Lévy measure

The Lévy measure must integrate |x|?> A 1 (red); it has finite
variation if it integrates |x| A 1 (blue); it is finite if it integrates 1
(orange).
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The Lévy measure

Proposition 6.3

Let L be a Lévy process with triplet (b, ¢, u). Then

(1) Lt has finite p-th moment for p € R (E|L¢|P < o0) if
and only if

/ |x|Pr(dx) < oo.
[x|>1

(2) L has finite p-th exponential moment for
p € R(E[ePt] < oc) if and only if

/ ePr(dx) < oo.
x|>1
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The Lévy measure

A Lévy process has first moment if the Lévy measure integrates |x|
for |x| > 1 (blue) and second moment if it integrates x> for |x| > 1

(orange).
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Martingales and Lévy Processes

Proposition 10.1

Let L = (L¢)¢>0 be a Lévy process with Lévy triplet (b, ¢, v) and
assume that E|L;| < co. L is a martingale if and only if b = 0.

Proposition 10.2

| \

Let L = (L¢)¢>0 be a Lévy process with Lévy exponent 1) and
assume that E[e!t] < 0o, u € R. The process M = (M;)¢>o,

defined as
euLt

Mt - etw(u)

is a martingale.

Presented by: Kevin Malenfant Lévy Processes with Applications in Finance



Construction of Lévy Processes

(C1) Specifying a Lévy triplet

@ Advantage: the characteristic function and the
pathwise properties are known and allows the
construction of a rich variety of models.

@ Drawback: parameter estimation and simulation (in
the infinite activity case) can be quite involved

(C2) Specifying an infinitely divisible random variable as the
density of the increments at time scale 1 (i.e. L;).

@ Advantage: allows the easy estimation and
simulation of the process.

@ Drawback: the structure of the paths might be
unknown

(C3) Time-changing Brownian motion with an independent
increasing Lévy process.

@ Advantage: allows for easy simulation
@ Drawback: estimation might be quite difficult
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Finite Activity : Simulating the Lévy jump-diffusion

Nt
Le=bt+oWe+ > U
k=1

where N; ~ Poisson(At) and J ~ F(dx), at fixed time points ti,.. ., t,.
@ simulate a standard normal variate

@ transform it into a normal variate with variance o/At, where
At = t; — t;_1 (denoted G;)

@ simulate a Poisson random variate with parameter AAt
@ simulate the law of jump sizes J, i.e. simulate F(dx)
@ if the Poisson variate is larger than zero, add the value of the jump.

The discretized trajectory is

i Ni;
Ly =bti+> G+
j=1 k=1
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Infinite Activity : Simulating normal inverse Gaussian (NIG) process
with parameters o, 6, k at fixed time points ty, ..., t,.

@ simulate n independent inverse Gaussian variables /; with parameters
A= (A‘t and pu; = At where At=t;—ti_1i=1...,n

@ simulate n standard normal variables G;
@ set AL; =01 +O’ﬁG,'
The discretized trajectory is

i

L, = ZALJ-.

Jj=1
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Infinite Activity : Simulating a variance gamma (VG) process with
parameters o, 0, k; at fixed time points t1, ..., t,.

. . . . At
@ simulate n independent gamma variables ['; with parameter —
K

where
At =t — ti_q, i=1 ... n

@ set [; = «l;
@ simulate n standard normal variables G;
@ set AL =0l; +oT;G;

The discretized trajectory is

i

L, =Y AL

j=1
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Popular Models

Generalized Hyperbolic (Eberlein and Prause 2002)
Ly ~ GH(O(, ﬁv 67 s )‘)

Density:

1

for(x) = c(\, a, B, 8)(62 + (x — p)?)*—2)/2

x Ky_s (/82 + (x — w)?) exp(B(x — ).

(a2 _ ﬂ2))‘/2
V2ra* "2 Ky (01/aZ — 2)

and K denotes the Bessel function of the third kind with index A

where

C()\’ a? /6’ 5):
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Popular Models

Generalized Hyperbolic (Eberlein and Prause 2002)
Parameters:

@ « > 0 determines the shape

0 < |8| < a determines the skewness

1 € R the location

@ 0 > 0 is a scaling parameter

@ )\ € R affects the heaviness of the tails

o A\ — 1 we get the hyperbolic distribution

o A= — we get the normal inverse Gaussian (NIG)
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Popular Models

Generalized Hyperbolic (Eberlein and Prause 2002)
Characteristic Function:

pon(u) = e,-uu( o? — ) Ka(8y/a? = (B+ i)
o o? = (B+ iu)? Kn(0r/o2 — )

8% Kxy1(¢)
¢ Ki(Q)

First moment:

E[L] =p+
Second moment:

Var[L;] =

2 Kan(Q) | 520 (KA+2(C) - K§H(<)>
¢ Ki(Q) ¢? Kx(€) K (¢) )’

with ¢ = §y/a2 — 32

Lévy triplet: (E[GH], 0, v©H)
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Popular Models

Normal Inverse Gaussian (Barndorff-Nielsen 1997)
(GH with A = —1/2)
Density:

fus(e) = 7 ex0 (807 = + Blx— ) K(g)
0

Characteristic Function:

onic (u) = et exp(8+/a2 — 32) |
exp(dy/a? — (B + iu)?)

First Moment:

Jo10)
E[LL] =p+ \/ﬁ
Second Moment:
2
Var[L;] = 0 G
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Asset Price Model

Real-world measure
We model the asset price process as the exponential of a Lévy process

Stzsoexp[_t, OStST

where, L is the Lévy process whose infinitely divisible distribution has
been estimated from the data set available for the asset.

Risk-neutral measure

We model the asset price process as the exponential of a Lévy process

Si =Spexpl;, 0<t<T

where, the Lévy process L has the triplet (5, ¢,v) and has a finite first
moment and exponential moment. L then has the canonical
decomposition

L, = bt + VeW, + // L) (ds, dx)

with
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Pricing Options

Three predominant methods:
@ Transform Methods
e Simple and fast
e Exotic options cannot be handled easily
o PIDE Methods

o Complex and Exotic options can be treated easily

o Slower speed compared to transform methods and increased
computational complexity when handling options on several
assets

@ Monte Carlo Methods

o Options on several assets can be treated easily
e Slow computational speed
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Transform Methods (Carr and Madan 1999)

Let Q be a risk-neutral measure and g7 (st1) be the risk-neutral
density for the log price.

The call value is then the discounted expected value of the payoff
under Q,

[e.e]

Cr(k) = e TEC [(eST —ek>+] - /k e (e" — Mg (u)du

Note: If e — 0 we have k — —oo and hence C+ — Sp. So Ct(k)
is not square integrable!

Presented by: Kevin Malenfant Lévy Processes with Applications in Finance



Transform Methods (Carr and Madan 1999)

To make Ct (k) square-integrable Carr and Madan introduce a damping
factor

cr = exp(ak)Cr(k)

Idea: o > 0 causes c7(k) to decay as k — —oco
Carr and Madan found that if E[S$™] then c7(k) is square integrable
Fourrier transform:

Pr(v) :/ eker(k)dk
Reversing the transform and undamping:

Cr(k) = w /OO o=y (v)dv

— 00

e Tor(v — (a+1)i)
a?+a—vi+i2a+ 1)v

Yr(v) =
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Pricing European Options

Valuation of European options using Laplace transforms (Raible)
Assumptions:
(D1) Assume that ¢;(z), the extended characteristic
function of L+, exists for all z € C with
Szeh D [0, 1].
(D2) Assume that P, the distribution of L, is
absolutely continuous w.r.t. the Lebesgue measure A
with density p.

(P1) Consider a European-style payoff function f(S7) that
is integrable.

(P2) Assume that x — e~|f(e™)| is bounded and
integrable for all R € I, C R.

(B1) Assume that h Nk # (.
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Pricing European Options (Raible)

Theorem B.1.

Let F; and F, be measurable complex-valued functions on the real
line. If |F1(x)| is bounded and if F,(x) is absolutely integrable,
then the convolution F; * F», defined by

Fy % Fa(x) := /R Fi(x — y)Fa(y)dy,

is a well-defined function on R. F; * F5 is bounded and uniformly
continuous.
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Pricing European Options (Raible)

Theorem B.2.

Let F; and F, be measurable complex-valued functions on the real
line. Let z € C and R := R(2). If

/ e *¥|Fy(x)|dx < oo and / e ™| Fy(x)]dx < oo,
R R

and if x — e | F1(x)| is bounded, then the convolution
F(x) := F1 % Fp(x) exists and is continuous for all x € B, and we
have

/ e *|F(x)|dx < oo and
R

/ReZXF(x)dx:/ReZXFl(X)dX-/ReZXFz(x)dx.
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Pricing European Options (Raible)

Theorem B.3.

Let F be a measurable complex-valued function on the real line. Let
R € R such that

f(z) = /Re*ZXF(X)dX (ze CR(z) =R),

with the integral converging absolutely for z = R! Let x € B such that

the integral

R+ico

/ e*f(z)dz

R—ioco
exists as a Cauchy principal value. Assume that F is continuous at the
point x. Then

1 R+ioco

) = —— / ™ F(2)dz,
270 JR ico

where the integral is to be understood as the Cauchy principal value if
the integrand is not absolutely integrable.
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Pricing European Options

Definition 15.1

Let Ly(z) denote the bilateral Laplace transform of a function h at
zeC, ie. let

L(z) = /R e~ h(x)dx.
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Transform Methods (Raible)

The value of a European style option with payoff f(S7)

V=e'T /OO f(Soe™)q(x)dx

—00

Consider the modified payoff function g(x) := f(e™*) and let
¢ = —In(%)

f(Soe™) = f(e™%e¥) = f(e” 7)) = g(¢ — x)

Rewriting we have

Vool / " 4(¢ — x)a()dx = e~ (g * )(0).

—00
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Transform Methods (Raible)

Take an R € R satisfying

| ™Il < o0
where e~ R¥|g(x)| is bounded and

| el < ce.

With v € R and the value of the option written as a convolution
we can then take the Laplace transform to get the product of
Laplace transforms

Lyv(R+iu) =e"TLg(R+iu)Ly(R + iu)

Finally we can take the inverse Laplace transform to get

e(jR—rT

V(¢) = — /}R e Lg(R +iu)gr, (iR — u)du.
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Transform Methods (Raible)

Theorem 15.2

Assume that the above mentioned conditions are in force and let
g(x) := f(e™) denote the modified payoff function of an option
with payoff f(x) at time T. Choose an R € /1 N k. Letting V()
denote the price of this option, as a function of ( := — log Sg, we
have

oCR—rT _
(151) V(Q) =" / UL (R + iYL, (IR — u)du,
R

whenever the integral on the r.h.s. it exists (at least as a Cauchy
principal value).
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Transform Methods (Raible)

European Call:

(153) Ly(z) = z(zl—l—l)

forze Cwith Rz=R € b =(—o0, —1).
European Put: z € C with Rz=R € L = (0, ).
European Digital Call (f(S7) = 1(s,>x}):

(154) Ly(z)= -+ (g)

for z€ C with Rz=R € hL = (—o0, 0).
European Digital Put (f(S7) = 115, <k}):

(155) Lg(z) = % <50>

forze Cwith Rz=R € L = (0, o).
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PIDE methods

Let us denote by G(S;, t) the time-t price of a European option with
payoff function g on the asset S; the price is given by

G(Se,t) =e T OIE[g(ST)] = Vs, 0<t<T

By arbitrage theory, we know that the discounted option price process
must be a martingale under a martingale measure. Therefore, any
decomposition of the price process as

e "V, = Vo + M, + A,

where M € M), and A € Ay, must satisfy A, =0 for all t € [0, T].
This condition yields the desired PIDE.
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PIDE methods

NOW, for notational but also computational convenience, we
work with the driving process L and not the asset price process S,
hence we derive a PIDE involving f(L¢, t) := G(St, t), or in other
words

f(Ly, t) = e "T-OE[g(Spel )] = V4, 0<t < T.

Presented by: Kevin Malenfant Lévy Processes with Applications in Finance



PIDE methods

Assume that f € C%1 (R x [0, T]), An application of It&'s formula yields:

d(e™"V,)
= d(e "f(Lc—, t))
= e "{—rf(Li—, t)dt + Oaf (Le—, t)dt+ O1f(Le—, t)bdt

+Ouf(Le_, £)/edW + / Of(Le, )z(ut — vh)(dz, dt)
R
+%8§f(Lt_, t)cdt
—s—/(f(LL bz t) = F(Le s t)— nF(Le . )2)(it — vb)(dz, de)
R

+/(f(LL +z, t)—f(L—, t) —Oif (L, t)z)v(dz)dt}
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PIDE methods

The bounded variation part vanishes identically. Hence, the price
of the option satisfies the partial integro-differential equation

0= —rf(x, t)+ 0of(x, t)+ 0Oif(x, t)b—i—%aff(x, t)

+ [(Flct 2, £) = Flx, 1) = 0aFx, D2)u(da)
R
for all (x, t) € R x (0, T), subject to the terminal condition

f(x, T)=g(e).
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Monte Carlo methods

The payoff of the call option with strike K at the time of maturity T is
g(57) = (57 — K)* and the price is provided by the discounted expected
payoff under a risk-neutral measure, i.e.

Cr(S, K) = e TE[(ST — K)*'].

Simulate the terminal value of asset price ST = Spexp Lt. Let St, for
k=1,..., N denote the simulated values; then, the option price
Cr(S, K) is estimated by the average of the prices for the simulated
asset values, that is

N
Cr(S, K)=eT> (51, — K)*,

k=1

and by the Law of Large Numbers we have that

A

Cr(S, K)— Cr(S, K) as N — oo.
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Empirical Evidence

Densities of hyperbolic (red), NIG (blue) and hyperboloid
distribution (left). Comparison of the GH (red) and Normal
distributions (with equal mean and variance).
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Empirical Evidence

Empirical distribution and Q-Q plot of EUR/USD daily log-returns
with fitted GH (red).
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Empirical Evidence

Implied volatilities of EUR/USD options and calibrated NIG smile.

= market prices
model prices
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