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Bond Pricing

A bond is a contract, paid for up-front, that yields a known
amount on a known date in the future, t = T. If P (t, T ) is the
value of zero-coupon bond at time t, then

P (t, T ) = exp(−
∫ T

t
r(s)ds),

where r(t) is the instanteneous interest rate.

If there is no coupon the bond is known as a zero-coupon bond.



Bond Pricing (cntd)

Bond Pricing with Known Interest Rates:

Let V (t, T ) be the value of the bond contract, t < T. If the
interest rate r(t) and coupon payment K(t) are known functions
of time, the bond price is also a function of time only: V =
V (t, T ). If this bond pays the owner Z at time t = T then we
know that V (T, T ) = Z. We now derive an equation for the value
of the bond at a time before maturity, t < T.

Suppose we hold one bond. Then arbitrage considerations lead
us to the following equation:

dV

dt
+K(t) = r(t)V.

(K(t)-coupon payment, V(t,T)-value of bond conract)



Bond Pricing (cntd)

Yield Curve:

Y (t, T ) = −
log(V (t, T )/V (T, T ))

T − t
,

where t is the current time.

The Short Rate:

r(t) := Y (t, t) = lim
T→t

Y (t, T )



Bond Pricing (cntd)

The short rate is the rate on instantaneous borrowing and lend-
ing. Historically, it was the short rate which was modelled as the
basic process. In practice, this rate is stochastic and can fluctu-
ate over time. Note that the short rate is actually a theoretical
entity which does not exist in real life and can not be directly
observed.

A sum of 1 invested in the short rate at time zero and contin-
uously rolled over, i.e., instantaneously reinvested, is called the
money-market account. Its value S0(t) = exp[

∫ t
0 r(s)ds]. If r is

deterministic and constant, S0(t) reduces to the classical bank
account: S0(t) = B(t) = exp[rt].



Stochastic Interest Rates (SIRs)

Basic Model: Cox-Ingersoll-Ross (CIR) (1985). It is based on
the CIR process:

dr(t) = k(θ − r(t))dt+ γ
√
rdW (t).

P (t, u)-price of zero-coupon bond

P (t, u) = E∗[exp(−
∫ u

t
r(s)ds)|Ft]



Stochastic Interest Rates (SIRs)

"Riskless" asset

S0
t = exp(

∫ t

0
r(s)ds)

Equation for P (t, u)

dP (t, u)

P (t, u)
= (r(t)− σ(t, u)q(t))dt+ σ(t, u)dW (t),

Risk-Neutral World:

dP (t, u)

P (t, u)
= r(t)dt+ σ(t, u)dW ∗(t).



One-Factor and Multi-Factor Gaussian Interest Rate Mod-
els

One-Factor Gaussian SIRMs

1. The Geometric Brownian Motion Model (Rendleman and
Bartter (1980)). dr(t) = µr(t)dt+ σr(t)dW (t).

2. The Ornstein-Uhlenbeck (1930) Model. dr(t) = −µr(t)dt+
σdW (t),

3. The Vasićek (1977) Model. dr(t) = µ(b− r(t))dt+ σdW (t).

4. The Continuous-Time GARCH Model. dr(t) = µ(b−r(t))dt+
σr(t)dW (t).



One-Factor and Multi-Factor Gaussian Interest Rate Mod-
els (cntd)

One-Factor Gaussian SIRMs

5. The Cox-Ingersoll-Ross (1985) Model. dr(t) = k(θ− r(t))dt+
γ
√
rdW (t).

6. The Ho and Lee (1986) Model. dr(t) = θ(t)dt+ σdW (t).

7. The Hull and White (1990) Model. dr(t) = (a(t)−b(t)r(t))dt+
σ(t)dW (t)



One-Factor and Multi-Factor Gaussian Interest Rate Mod-
els (cntd)

One-Factor Gaussian SIRMs

8. The Heath, Jarrow and Morton (1987) Model. Define the for-
ward interest rate f(t, s), for t ≤ s, characterized by the following
equality P (t, u) = exp[−

∫ u
t f(t, s)ds] for any maturity u. f(t, s)

represents the instanteneous interest rate at time s as ‘antic-
ipated‘ by the market at time t. It is natural to set f(t, t) =
r(t). The process f(t, u)0≤t≤u satisfies an equation f(t, u) =
f(0, u) +

∫ t
0 a(v, u)dv +

∫ t
0 b(f(v, u))dW (v), where the processes a

and b are continuous. We note, that the lasr SDE may be writ-
ten in the following form: df(t, u) = b(f(t, u))(

∫ u
t b(f(t, s)))ds+

b(f(t, u))dŴ (t), where Ŵ (t) = W (t)−
∫ t
0 q(s)ds and

q(t) =
∫ u
t b(f(t, s))ds−

a(t,u)
b(f(t,u)).



One-Factor and Multi-Factor Gaussian Interest Rate Mod-
els (cntd)

Multi-Factor Gaussian SIRMs

Multi-factor models driven by Brownian motions can be obtained
using various combinations of above-mentioned processes. We
give one example of two-factor continuous-time GARCH SIRM:{

dr(t) = µ(b(t)− r(t))dt+ σr(t)dW1(t)
db(t) = ξb(t)dt+ ηb(t)dW2(t),

where W1,W2 may be correlated, µ, ξ ∈ R, σ, η > 0.



Lévy-based Stochastic Interest Rate Models (SIRMs)

Lévy Processes

Definition 2. By Lévy process we define a stochastically contin-
uous process with stationary and independent increments, Sato
(1999), Applebaum (2003), Schoutens (2003).

Examples of Lévy Processes:

• linear function L(t) = γt

• Brownian motion with drift

• Poisson process

• compound Poisson process



Lévy-based Stochastic Interest Rate Models (SIRMs)

Lévy-Khintchine Formula for Lévy Processes

E(ei(u,X(t))) = exp{t[i(u, γ)− 1
2(u,Au)

+
∫
Rd−{0}[e

i(u,y) − 1− i(u, y)1B1(0)]ν(dy)]}

(γ,A, ν)-Lévy-Khintchine triplet



Lévy-based Stochastic Interest Rate Models (SIRMs)

Interpretation of Lévy-Khintchine triplet

• γ stands for linear function, drift

• Diffusion matrix A stands for Brownian motion

• Lévy measure ν stands for jumps



Lévy-based Stochastic Interest Rate Models (SIRMs)

Lévy-Itô Decomposition

If X is a Lévy process, then rhere exists b ∈ Rd, a Brownian
motion BA with covariance matrix A and an independent Poisson
random measure N on R+× (Rd−{0}) such that, for each t ≥ 0,

X(t) = γt+BA(t) +
∫
|x|<1

xÑ(t, dx) +
∫
|x|≥1

xN(t, dx),

where N(t, A) is a Poisson counting measure, Ñ(t, A) = N(t, A)−
tν(A).



Lévy-based Stochastic Interest Rate Models (SIRMs)

Lévy Processes in Finance

• Brownian motion with drift (only continuous Lévy process)

• Merton model=Brownian motion+drift+Gaussian jumps

• Kou model=Brownian motion+drift+exponential jumps

• VG, IG, NIG, Generalized hyperbolic processes

• α-stable Lévy processes



Lévy-based Stochastic Interest Rate Models (SIRMs)

One-Factor Lévy SIRMs

1. Geometric Lévy Motion. dr(t) = µr(t−)dt+ σr(t−)dL(t).

2. Ornstein-Uhlenbeck Process Driven by Lévy Motion. dr(t) =

−µr(t−)dt+ σdL(t).



Lévy-based Stochastic Interest Rate Models (SIRMs)

One-Factor Lévy SIRMs

3. Vasićek Process Driven by Lévy Motion.
dr(t) = µ(b− r(t−))dt+ σdL(t).

4. Continuous-Time GARCH Process Driven by Lévy process.
dr(t) = µ(b− r(t−))dt+ σr(t−)dL(t).

5. Cox-Ingersoll-Ross Process Driven by Lévy Motion. dr(t) =

k(θ − r(t−))dt+ γ
√
r(t−)dL(t).



Lévy-based Stochastic Interest Rate Models (SIRMs)

One-Factor Lévy SIRMs

6. Ho and Lee Process Driven by Lévy Motion.
dr(t) = θ(t−)dt+ σdL(t).

7. Hull and White Process Driven by Lévy Motion. dr(t) =

(a(t−)− b(t−)r(t−))dt+ σ(t)dL(t)



Lévy-based Stochastic Interest Rate Models (SIRMs)

One-Factor Lévy SIRMs

8. Heath, Jarrow and Morton Process Driven by Lévy Motion.
Define the forward interest rate f(t, s), for t ≤ s, character-
ized by the following equality P (t, u) = exp[−

∫ u
t f(t, s)ds] for any

maturity u. f(t, s) represents the instanteneous interest rate at
time s as ‘anticipated‘ by the market at time t. It is natural to
set f(t, t) = r(t). The process f(t, u)0≤t≤u satisfies an equation
f(t, u) = f(0, u)+

∫ t
0 a(v, u)dv+

∫ t
0 b(f(v, u))dL(v), where the pro-

cesses a and b are continuous.



Lévy-based Stochastic Interest Rate Models (SIRMs)

Multi-Factor Lévy SIRMs

{
dr(t) = µ(b(t−)− r(t−))dt+ σr(t−)dL1(t)
db(t) = ξb(t−)dt+ ηb(t−)dL2(t),

where L1, L2 may be correlated, µ, ξ ∈ R, σ, η > 0.



Lévy-based Stochastic Interest Rate Models (SIRMs)

Multi-Factor Lévy SIRMs

Also, we can consider various combinations of models, presented
above, i.e., mixed models containing Brownian and Lévy mo-
tions. For example,{

dr(t) = µ(b(t−)− r(t−))dt+ σr(t−)dL(t)
db(t) = ξb(t)dt+ ηb(t)dW (t),

where Brownian motion W (t) and Lévy process L(t) may be
correlated.



Bond Pricing

European Call Option

To calculate the value of a European options with maturity θ

on the zero-coupon bond with maturity equal to T we could
proceed as follows. If it is a call with strike price K, the value
of the option at time θ is max(P (θ, T ) − K),0) and it seems
reasonable to hedge this call with a portfolio of riskless asset
S0
t and zero-coupon bond P (θ, T ) with maturity T. Using the

classical arguments (and using the money-market account as
numeraire), the price at time 0 of a European call option on a
bond is given by

V (θ, T, r) = E∗[
1

S0(t)
max(P (θ, T )−K,0)].



Bond Pricing (cntd)

Gaussian Bond Pricing for One-Factor SIRMs via CTM

The solution of the SDE

dP (t, u)

P (t, u)
= r(t)dt+ σ(t, u)dW ∗(t).

can be written in the form

P (t, T ) = P (0, T ) exp[
∫ T

0
r(s)ds]

exp[
∫ t
0 σ(s, T )dW ∗(s)]

E{exp[
∫ t
0 σ(s, T )dW ∗(s)]}

= P (0, T ) exp[
∫ T

0
r(s)ds] exp[

∫ t

0
σ(s, T )dW ∗(s)−

1

2

∫ t

0
σ(s, T )2ds].

We see that the log returns under risk-neutral measure approxi-
mately follow a Normally distributed random variable.



Bond Pricing (cntd)

Gaussian Bond Pricing for One-Factor SIRMs via PDE

Consider V (t, T, r)-bond price at time t, where interest rate r(t)
follows the following SDE (in general form)

dr(t) = a(r, t)dt+ b(r, t)dW (t).

For example, for GBM, a = µr and b = σr, for OU process,
a = −µr and b = σ, and so on.



Bond Pricing (cntd)

Gaussian Bond Pricing for One-Factor SIRMs via PDE

The zero-coupon bond pricing equation is

∂V

∂t
+

1

2
b2
∂2V

∂r2
+ (a− λb)

∂V

∂r
− rV = 0,

where the function λ is often called the market price of risk.
The final condition is

V (T, T, r) = Z.

This PDE may be solved approximately by standard numeri-
cal methods, see, for example, Wilmott, Howison and Dewynne
(1995).



Remark. Empirical studies (see, for example, Raible (2000))
show that the normality assumption does not reflect reality. Em-
pirically observed log returns of bonds turn out to have leptokur-
tic distribution.



Lévy Bond Pricing for One-Factor SIRMs via CTM and
Fourier Transform

The zero-coupon bond price is modeled with the following pro-
cess (see Eberlein and Raible (1999), Raible (2000)):

P (t, T ) = P (0, T ) exp[
∫ T

0
r(s)ds]

exp[
∫ t
0 σ(s, T )dL(s)]

E{exp[
∫ t
0 σ(s, T )dL(s)]}

,

where r(t) has one of the representations mentioed above.



Lévy Bond Pricing for One-Factor SIRMs via CTM and
Fourier Transform (cntd)

Eberlein and Raible (1999) derived the bond price process in the
form

P (t, T ) = P (0, T ) exp[
∫ T

0
r(s)ds]

exp[
∫ t
0 σ(s, T )dL(s)]

exp[
∫ t
0 θ(σ(s, T ))dL(s)]

,

where θ(u) := log(E[exp(uL(1))]) denotes the logarithm of the
moment-generating function of the Lévy process at time 1. For
example, in the classical Gaussian model we choose θ(u) = u2/2

and L(s) = W (s). We note, that we know the expressions for
r(t) in the above formula for many SIRMs.



Lévy Bond Pricing for One-Factor SIRMs via CTM and
Fourier Transform (cntd)

Except when L(t) is a Poisson or a Brownian motion, our Lévy
market model is an incomplete model. It means that there are
many different equivalent martingales measures to choose. In
general this leads to many different possible prices for European
options or bond options, etc.

One of the way to price bond is to use for the P ∗ the Esscher
transform equivalent martingale measure. Following Gerber and
Shiu (1994), we can by using the so-called Esscher transform
find in some cases at least one equaivalent martingale measure
P ∗.



Lévy Bond Pricing for One-Factor SIRMs via CTM and
Fourier Transform (cntd)

Let f(t, x) be the density of our model’s (real world, i.e. un-
der P ) distribution of L(t). For some real number θ ∈ {θ ∈
R|

∫ +∞
−∞ exp(θy)f(t, y)dy < +∞} we can define a new density

f(θ)(t, x) =
exp(θx)f(t, x)∫ +∞

−∞ exp(θy)f(t, y)dy
.



Lévy Bond Pricing for One-Factor SIRMs via CTM and
Fourier Transform (cntd)

In order to assume finiteness of the expectation in the denom-
inator above in the case of general Lévy processes, we assume
that ∫

{|x|>1}
exp[vx]ν(dx) <∞, for |v| < (1 + ε)M,

where ε > 0 and M is such that 0 ≤ σ(s, T ) ≤ M (a.s.) for
0 ≤ s ≤ T and ν(dx) is the Lévy measure of L1 (see Schoutens
(2003)).



Lévy Bond Pricing for One-Factor SIRMs via CTM and
Fourier Transform (cntd)

Another way to price bond is to consider characteristic function
(or Fourier transform), if it is known, of the risk-neutral log
returns (see Carr and Madan (1998)). We note, that if we know
the explicit expression for r(t), then we can find the characteristic
function of the risk-neutral bond price.



Partial Differential Equation (PDE) and Feynman-Kac For-
mula (Diffusion Case)

dr(t) = γ(r, t)dt+ σ(r, t)dW (t)

V (t, x) = Et,x[e
−r(T−t)v(r(T ))] = E[e−r(T−t)v(r(T ))|r(t) = x].

Then V (t, x) satisfies the PDE

Vt(t, x) + γ(r, t)Vx(r, t) +
1

2
σ2(r, t)Vxx(t, x) = rV (t, x)

with the terminal condition V (T, x) = v(x).



Generator of Diffusion Process with Drift γ and Diffusion
σ ("duplet" [γ, σ])

Af(x) = γ∂f(r) +
1

2
σ2∂2f(x)



Generator of Lévy Process with Triplet [γ, σ, ν(dy)]

(Af)(x) = γ∂f(x) + 1
2σ

2∂2f(x)
+

∫
Rd−{0}[f(x+ y)− f(x)− y∂f(x)1B̂(y)]ν(dy).



Lévy Bond Pricing for One-Factor SIRMs via PIDE (cntd)

Consider V (T, t, r)-bond price at time t, where interest rate r(t)
follows the following SDE (in general form)

dr(t) = a(r, t)dt+ b(r, t)dL(t),

L(t) is a Lévy process.

For example, for GBM, a = µr and b = σr, for OU process,
a = −µr and b = σ, and so on.



Partial Integro-Differential Equation (PIDE) for the Price
Process (Lévy Case with triplet [γ, σ, ν(dy)])

The price process V (T, t, r(t)) satisfies the following PIDE:

∂V
∂t + 1

2b
2σ2∂2V

∂r2
+ (a+ γb)∂V∂r

+
∫ +∞
−∞ [V (t, r+ by)− V (t, r)− by∂V (t,r)

∂r ]ν(dy)− rV = 0,

with final condition

V (T, T, r) = v(r(T )).

with deterministic function v(r).

This PDIE is the analogue of the famous Black-Scholes PDE
and follows from the Feynman-Kac formula for Lévy processes:

V (T, t, r) = E[exp(−
∫ T

t
r(s)ds)v(r(T ))|r(t) = r].



Lévy Bond Pricing for One-Factor SIRMs via PIDE

One more way to price bond is to consider the solution of a
partial differential integral equation with boundary condition, all
in terms of the triplet of Lévy characteristics [γ, σ, ν(dy)] of the
Lévy process under the risk-neutral measure P ∗.



Lévy Bond Pricing for One-Factor SIRMs via PIDE (cntd)

The zero-coupon bond pricing equation is

∂V
∂t + 1

2b
2σ2∂2V

∂r2
+ (a+ γb− λbσ)∂V∂r

+
∫ +∞
−∞ [V (t, r+ by)− V (t, r)− by∂V (t,r)

∂r ]ν(dy)− rV = 0,

where λ is the market price of risk. The final condition is

V (T, T, r) = Z.

Numerical methods for solving above PIDE can be found, for
example, in Matache, Schwab and Wihler (2004), in Matache,
Ptersdorff and Schwab (2005) and in Cont and Tankov (2003,
Chapter 12).



Interest Rate Derivatives

• Bond Option - option on bond

• Swaps-exchange the interest rate payments on a certain amount
for a certain length of time

• Cap-loan at the floating interest rate (not to exceed a specified
value, the cap)

• Floor-similar to cap but does not go below a specified value,
floor

• Swaption-option on swap

• Caption-option on cap

• Floortion-option on floor



Pricing of Gaussian and Lévy Bond Options

Pricing of Gaussian Bond Options

Let interest rate r(t) follows the following SDE (in general form)

dr(t) = a(r, t)dt+ b(r, t)dW (t),

where W (t) is a standard Wiener process.

Consider the European call bond option, with exercise price K

and expity date T, on a zero-coupon bond with maturity date
TB ≥ T.



Pricing of Gaussian and Lévy Bond Options (cntd)

Pricing of Gaussian Bond Options

To find the value of the call option on bond (to buy a bond) we
proceed with the following steps:

1. To find the value of the bond: VB(r, t;TB), that satisfies the
following PDE:

∂VB
∂t

+
1

2
b2
∂2VB
∂r2

+ (a− λb)
∂VB
∂r
− rVB = 0.

with the final condition

VB(r, TB;TB) = Z.



Pricing of Gaussian and Lévy Bond Options (cntd)

Pricing of Gaussian Bond Options

2. Let CB(r, t) be the value of the call option on this bond.
Since CB also depends on r(t), it must satisfy previous equation
too:

∂CB
∂t

+
1

2
b2
∂2CB
∂r2

+ (a− λb)
∂CB
∂r
− rCB = 0.

with the final condition

CB(r, T ) = max(VB(r, T ;TB)−K,0).

Remark. These PDEs can be solved numerically using standard
methods, see Wilmott, Howison and Dewynne (1995).



Pricing of Gaussian and Lévy Bond Options (cntd)

Pricing of Lévy Bond Options

Let interest rate r(t) follows the following SDE (in general form)

dr(t) = a(r, t)dt+ b(r, t)dL(t),

where L(t) is a Lévy process.



Pricing of Gaussian and Lévy Bond Options (cntd)

Pricing of Lévy Bond Options

Consider the European Call Bond Option, with exercise price K
and expity date T, on a zero-coupon bond with maturity date
TB ≥ T.

To find the value of the call option on bond (to buy a bond) we
proceed with the following steps:



Pricing of Gaussian and Lévy Bond Options (cntd)

Pricing of Lévy Bond Options

1. Find the value of the bond: VB(r, t;TB), that satisfies the
following PDE:

∂VB
∂t + 1

2b
2σ2∂2VB

∂r2
+ (a+ bγ − λbσ)∂VB∂r

+
∫ +∞
−∞ [VB(t, r+ by)− VB(t, r)− by∂VB(t,r)

∂r ]ν(dy)− rVB = 0.

with the final condition

VB(r, TB;TB) = Z.



Pricing of Gaussian and Lévy Bond Options (cntd)

Pricing of Lévy Bond Options

2. Let CB(r, t) be the value of the call option on this bond. Since
CB also depends on r(t), it must satisfy equation (27) too:

∂CB
∂t + 1

2b
2σ2∂2CB

∂r2
+ (a+ bγ − λbσ)∂CB∂r

+
∫ +∞
−∞ [CB(t, r+ by)− CB(t, r)− by∂CB(t,r)

∂r ]ν(dy)− rCB = 0.

with the final condition

CB(r, T ) = max(VB(r, T ;TB)−K,0).



Pricing of Gaussian and Lévy Bond Options (cntd)

Pricing of Lévy Bond Options

Remark. One of the approach to solve these PDIEs could be
numerical using different finite difference methods, see Duffy
(2005). Numerical methods for solving above PIDE can be also
found, for example, in Matache, Schwab and Wihler (2004), in
Matache, Ptersdorff and Schwab (2005) and in Cont and Tankov
(2003, Chapter 12).



Pricing of Swaps, Caps and Floors

Pricing of Swaps, Caps and Floors for Gaussian IRMs

Let interest rate r(t) follows the following SDE (in general form)

dr(t) = a(r, t)dt+ b(r, t)dW (t),

where W (t) is a standard Wiener process.



Pricing of Swaps, Caps and Floors (cntd)

Pricing of Swaps for Gaussian IRMs

We consider to value such swaps in general. Suppose that A pays
the interest on an amount Z to B at a fixed rate r∗ and B pays
interest to A at the floating rate r. These payments continue
until time TS. Denote the value of this swap to A by ZVS(r, t).

We note, that in a time-step dt A receives (r − r∗)Zdt.



Pricing of Swaps, Caps and Floors (cntd)

Pricing of Swaps for Gaussian IRMs

If we think of this payment as being similar to a coupon payment
on a simple bond then we find that:

∂VS
∂t

+
1

2
b2
∂2VS
∂r2

+ (a− λb)
∂VS
∂r
− rVS + (r − r∗) = 0.

with the final condition

VS(r, TS) = 0.

We note, that r can be greater or less than r∗ and so VS(r, t)

need not be positive.



Pricing of Swaps, Caps and Floors (cntd)

Pricing of Caps for Gaussian IRMs

The loan of Z is to be paid back at time TC. The value of the
capped loan, ZVC(r, t) satisfies the following PDE:

∂VC
∂t

+
1

2
b2
∂2VC
∂r2

+ (a− λb)
∂VC
∂r
− rVC + min(r, r∗) = 0.

with the final condition

VC(r, TC) = 1.



Pricing of Swaps, Caps and Floors (cntd)

Pricing of Floors for Gaussian IRMs

The value of the floored loan, ZVF (r, t), satisfies the following
PDE:

∂VF
∂t

+
1

2
b2
∂2VF
∂r2

+ (a− λb)
∂VF
∂r
− rVF + max(r, r∗) = 0.

with the final condition

VF (r, TF ) = 1,

where TF is an expiry time for floor.

Remark. These PDE can be solved numerically using standard
methods, see Wilmott, Howison and Dewynne (1995).



Pricing of Swaps, Caps and Floors for Lévy IRMs

Consider V (r, t)-bond price at time t, where interest rate r(t)

follows the following SDE (in general form)

dr(t) = a(r, t)dt+ b(r, t)dL(t),

L(t) is a Lévy process.



Pricing of Swaps, Caps and Floors for Lévy IRMs

Pricing of Swaps

We consider to value such swaps in general. Suppose that A pays
the interest on an amount Z to B at a fixed rate r∗ and B pays
interest to A at the floating rate r. These payments continue
until time TS. Denote the value of this swap to A by ZVS(r, t).

We note, that in a time-step dt A receives (r − r∗)Zdt.



Pricing of Swaps, Caps and Floors for Lévy IRMs

Pricing of Swaps

If we think of this payment as being similar to a coupon payment
on a simple bond then we find that:

∂VS
∂t + 1

2b
2σ2∂2VS

∂r2
+ (a+ bγ − λbσ)∂VS∂r

+
∫ +∞
−∞ [VS(t, r+ by)− VS(t, r)− by

∂VS(t,r)
∂r ]ν(dy)

− rVS + (r − r∗) = 0.

with the final condition

VS(r, TS) = 0.

We note, that r can be greater or less than r∗ and so VS(r, t)

need not be positive.



Pricing of Swaps, Caps and Floors for Lévy IRMs

Pricing of Caps

The loan of Z is to be paid back at time TC. The value of the
capped loan, ZVC(r, t) satisfies the following PDE:

∂VC
∂t + 1

2b
2σ2∂2VC

∂r2
+ (a+ bγ − λbσ)∂VC∂r

+
∫ +∞
−∞ [VC(t, r+ by)− VC(t, r)− by∂VC(t,r)

∂r ]ν(dy)
− rVC + min(r, r∗) = 0.

with the final condition

VC(r, TC) = 1.



Pricing of Swaps, Caps and Floors for Lévy IRMs

Pricing of Floors

The value of the floored loan, ZVF (r, t), satisfies the following
PDE:

∂VF
∂t + 1

2b
2σ2∂2VF

∂r2
+ (a+ bγ − λbσ)∂VF∂r

+
∫ +∞
−∞ [VF (t, r+ by)− VF (t, r)− by∂VF (t,r)

∂r ]ν(dy)
− rVF + max(r, r∗) = 0.

with the final condition

VF (r, TF ) = 1,



Pricing of Swaps, Caps and Floors for Lévy IRMs

Pricing of Floors

where TF is an expiry time for floor.



Pricing of Swaptions, Captions and Floortions

Pricing of Swaptions, Captions and Floortions for Gaussian IRMs

Let interest rate r(t) follows the following SDE (in general form)

dr(t) = a(r, t)dt+ b(r, t)dW (t),

where W (t) is a standard Wiener process.



Pricing of Swaptions, Captions and Floortions

Pricing of Swaptions for Gaussian IRMs

Consider European Swap Call Option, option to buy this swap
(a call swaption) for an amount K at time T < TS, where TS is
an expiry time for swap with value VS(r, t), t ≤ TS.
1. Thus, this value VS satisfies the following PDE (see (32)):

∂VS
∂t

+
1

2
b2
∂2VS
∂r2

+ (a− λb)
∂VS
∂r
− rVS + (r − r∗) = 0.

with the final condition

VS(r, TS) = 0.



Pricing of Swaptions, Captions and Floortions

Pricing of Swaptions for Gaussian IRMs

2. Then the value CS(r, t) of this call swap option (call swaption)
satisfies the following PDE:

∂CS
∂t

+
1

2
b2
∂2CS
∂r2

+ (a− λb)
∂CS
∂r
− rCS = 0.

with the final condition

CS(r, T ) = max(VS(r, T )−K,0).

We solve for the value of the swap first and then use this value
as the final data for the value of the swaption.



Pricing of Swaptions, Captions and Floortions

Pricing of Captions for Gaussian IRMs

Consider European Cap Call Option, option to buy this cap (a
call caption) for an amount K at time T < TC, where TC is an
expiry time for cap with value VC(r, t), t ≤ TC.
1. Thus, this value VC satisfies the following PDE:

∂VC
∂t

+
1

2
b2
∂2VC
∂r2

+ (a− λb)
∂VC
∂r
− rVC + min(r, r∗) = 0.

with the final condition

VC(r, TC) = 1.



Pricing of Swaptions, Captions and Floortions

Pricing of Captions for Gaussian IRMs

2. Then the value CC(r, t) of this call cap option (call caption)
satisfies the following PDE:

∂CC
∂t

+
1

2
b2
∂2CC
∂r2

+ (a− λb)
∂CC
∂r
− rCC = 0.

with the final condition

C(r, T ) = max(VC(r, T )−K,0).

We solve for the value of the cap first and then use this value
as the final data for the value of the caption.



Pricing of Swaptions, Captions and Floortions

Pricing of Floortions for Gaussian IRMs

Consider European Floor Call Option, option to buy this floor
(a call floortion) for an amount K at time T < TF , where TF is
an expiry time for floor with value VF (r, t), t ≤ TF .
1. Thus, this value VF satisfies the following PDE:

∂VF
∂t

+
1

2
b2
∂2VF
∂r2

+ (a− λb)
∂VF
∂r
− rVF + min(r, r∗) = 0.

with the final condition

VC(r, TF ) = 1.



Pricing of Swaptions, Captions and Floortions

Pricing of Floortions for Gaussian IRMs

2. Then the value CF (r, t) of this call floor option (call floortion)
satisfies the following PDE:

∂CF
∂t

+
1

2
b2
∂2CF
∂r2

+ (a− λb)
∂CF
∂r
− rCF = 0.

with the final condition

CF (r, T ) = max(VF (r, T )−K,0).

We solve for the value of the floor first and then use this value
as the final data for the value of the floortion.

Remark. These PDE can be solved numerically using standard
methods, see Wilmott, Howison and Dewynne (1995).



Pricing of Swaptions, Captions and Floortions for Lévy
IRMs

Consider V (r, t)-bond price at time t, where interest rate r(t)

follows the following SDE (in general form)

dr(t) = a(r, t)dt+ b(r, t)dL(t),

L(t) is a Lévy process.



Pricing of Swaptions, Captions and Floortions for Lévy
IRMs

Pricing of Swaptions

Consider European Swap Call Option, option to buy this swap
(a call swaption) for an amount K at time T < TS, where TS is
an expiry time for swap with value VS(r, t), t ≤ TS.
1. Thus, this value VS satisfies the following PDE:

∂VS
∂t + 1

2b
2σ2∂2VS

∂r2
+ (a+ bγ − λbσ)∂VS∂r

+
∫ +∞
−∞ [VS(t, r+ by)− VS(t, r)− by

∂VS(t,r)
∂r ]ν(dy)

− rVS + (r − r∗) = 0.

with the final condition

VS(r, TS) = 0.



Pricing of Swaptions, Captions and Floortions for Lévy
IRMs

Pricing of Swaptions

2. Then the value CS(r, t) of this call swap option (call swaption)
satisfies the following PDE:

∂CS
∂t + 1

2b
2σ2∂2CS

∂r2
+ (a+ bγ − λbσ)∂CS∂r

+
∫ +∞
−∞ [CS(t, r+ by)− CS(t, r)− by

∂CS(t,r)
∂r ]ν(dy)− rCS = 0.

with the final condition

CS(r, T ) = max(VS(r, T )−K,0).

We solve for the value of the swap first and then use this value
as the final data for the value of the swaption.



Pricing of Swaptions, Captions and Floortions for Lévy
IRMs

Pricing of Captions

Consider European Cap Call Option, option to buy this cap (a
call caption) for an amount K at time T < TC, where TC is an
expiry time for cap with value VC(r, t), t ≤ TC.
1. Thus, this value VC satisfies the following PDE:

∂VC
∂t + 1

2b
2σ2∂2VC

∂r2
+ (a+ bγ − λbσ)∂VC∂r

+
∫ +∞
−∞ [VC(t, r+ by)− VC(t, r)− by∂VC(t,r)

∂r ]ν(dy)
− rVC + min(r, r∗) = 0.

with the final condition

VC(r, TC) = 1.



Pricing of Swaptions, Captions and Floortions for Lévy
IRMs

Pricing of Captions

2. Then the value CC(r, t) of this call cap option (call caption)
satisfies the following PDE:

∂CC
∂t + 1

2b
2σ2∂2CC

∂r2
+ (a+ bγ − λbσ)∂CC∂r

+
∫ +∞
−∞ [CC(t, r+ by)− CC(t, r)− by∂CC(t,r)

∂r ]ν(dy)− rCC = 0.

with the final condition

C(r, T ) = max(VC(r, T )−K,0).

We solve for the value of the cap first and then use this value
as the final data for the value of the caption.



Pricing of Swaptions, Captions and Floortions for Lévy
IRMs

Pricing of Floortions

Consider European Floor Call Option, option to buy this floor
(a call floortion) for an amount K at time T < TF , where TF is
an expiry time for floor with value VF (r, t), t ≤ TF .
1. Thus, this value VF satisfies the following PDE:

∂VF
∂t + 1

2b
2σ2∂2VF

∂r2
+ (a+ bγ − λbσ)∂VF∂r

+
∫ +∞
−∞ [VF (t, r+ by)− VF (t, r)− by∂VF (t,r)

∂r ]ν(dy)
− rVF + min(r, r∗) = 0.

with the final condition

VC(r, TF ) = 1.



Pricing of Swaptions, Captions and Floortions for Lévy
IRMs

Pricing of Floortions

2. Then the value CF (r, t) of this call floor option (call floortion)
satisfies the following PDE:

∂CF
∂t + 1

2b
2σ2∂2CF

∂r2
+ (a+ bγ − λbσ)∂CF∂r

+
∫ +∞
−∞ [CF (t, r+ by)− CF (t, r)− y∂CF (t,r)

∂r ]ν(dy)− rCF = 0.

with the final condition

CF (r, T ) = max(VF (r, T )−K,0).

We solve for the value of the floor first and then use this value
as the final data for the value of the floortion.



Conclusion

• Levy Interest Rate Models

• Pricing of Bond (CTM and PIDE)

• Pricing of Bond Options

• Pricing Swaps, Caps and Floors

• Pricing Swaptions, Captions and Floortions



These two talks are based on the following Paper:

A. Swishchuk"Interest Rate Derivatives and Change of Time
Methods",
2008 Stochastic Modelling Symposium Montréal, December 1-2,
2008
(organized by Canadian Institute of Actuaries),
(accepted)



The End

Thank You for Your Time and Attention!


