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Random Evolutions

Random Evolutions (RE) are operator dynamical systems (in
Banach or Hilbert spaces) where an operator depends on some
stochastic process, Markov, semi-Markov, Lévy processes, etc.
(see Korolyuk & Swishchuk (1992, 1995))

In physical language, a RE is a model for a dynamical system
whose equation of state is subject to random variation.

In mathematical language, a RE is an operator differential equa-
tion with a generator depending on a parameter x, and this pa-
rameter is stochastic process.



Random Evolutions

The stochastic processes define the name for the REs: Markov,
semi-Markov, Lévy, etc.

Also, depending on structure of operator equation, we have con-
tinuous REs, discontinuous (jump) REs, discrete RE, etc.

In this talk we shall mostly concentrate on semi-Markov jump
RESs.



Random Evolutions (RE)

Abstract
RE

Dynamical + Random Media
Systems

|

' Operator '
dV(t,w)/dt=T(x(t,w))V(t,w) < Evolution + Random Process
Equations
dV(t)/dt=
TEV(E) — X(GW)




Applications of REs

Nonlinear Ordinary f(z(t))=V(Vf(z) Linear Operator Equation

Differential . df(z(t)/dt=F(z(t))df(z(t))/dz
Equations dV(O/dt=TV (t)f
dz/dt=F(z) T:=F(z)d/dz

F=F(z,x)

X=X(t,w)

Nonlinear Ordinary f(z(t,w))=V(t,w)f(z) Linear Stochastic

Stochastic Differential , Operator Equation
Equation dV(t,w)/dt=T(x(t,w))V(t.w)

dz(t,w)/dt=F(z(t,w),x(t,w)))




Applications of REs: Traffic Process

{ dz¢/dt = wv(z¢,x(t))

z20 = 2

where

M(x)f(z) =v(z,z)df(z)/dz.



Applications of REs: Storage Process

t v(t)
=2+ /O v(zs,2(s))ds + 3 alap),
k=1

where

M(2)f(2) =v(z,2)df(2)/dz  D(z,y)f(2) = f(z + a(x)).



Applications of REs: Risk Process

v(t)

2zt =z + /tv(zs,x(s))ds — > a(z) = z+ B(t) — A(%),
0 k=1

where

M(z)f(2) =v(z,2)df(2)/dz  D(z,y)f(2) = f(z + a(x)).



Applications of REs: Evolution of Biological Systems

Yn+1 = Yn + 9(Yn, xn) — discrete model

dyi/dt = g(yt, x(t)) — continuous — time  model



Applications of REs: Logistic Growth Model

dNt/dt = r(x(t))N+(1 — Nt/ K).



Applications of REs: Financial Mathematics ((B, S, X)-Security
Market or Geometric Regime-Switching Brownian Motion)

dB(t) =rB(t)dt, B(0)>0,r >0, —bond price

dS(t) = p(x(t))S@)dt + o(x(t))S(t)dW (t) — stock price



Random Evolutions: Another Names in the Literature
REs in Euclidean spaces have another names:
-hidden Markov (or other) models

-regime-switching models



Random Evolutions: Applications

REs have many applications:

-traffic theory

-storage teory

-risk theory
-biomathematics
-financial mathematics
-many others

In this talk we shall concentrate on financial applications of REs.



Geometric Markov Renewal Process (GMRP) as Jump Ran-
dom Evolutions

We consider GMRP as an example of jump semi-Markov RE.

GMRP is a generalization of Aase (1988) geometric compound
Poisson process in finance and Cox-Ross-Rubinstein (1976) dis-
crete time model for the stock price.



Geometric Markov Renewal Process (GMRP)

Let (azk)keer be a Markov chain in phase space (X,X) with
transition probability P(x,A), where x € X, A € X. Let (Tk)k€Z+
be a sequence of i.i.d. r.v. such that

P(Tp41 — 7 < tlzn = x) = Ga(1), (1)
where z € X,t € R,



Geometric Markov Renewal Process (GMRP)

Let us set
On+1 = Tn41 — Tn,
mn
Tn — Z 9]{:7
k=1
and let
v(t) ;= max{n : ™ <t} (2)

be a counting process. The following process (:cn;en)nez+ on
phase states space X x R, is called a Markov renewal process
(MRP) [4]. The process z(t) := T, (1) IS called a semi-Markov
process.



Geometric Markov Renewal Process (GMRP)

Let p(x) be a bounded continuous function on X such that
p(x) > —1. The following functional on Markov renewal process

(zn; 0n)n€Z+

v(t)
St =80 ] (14 p(zp)), (3)
k=0

where Sg > 0, we call geometric MRP (GMRP).

We model stock price as Si-GMRP.



GMRP as an Jump Random Evolutions

Let Co(R4) be a space of continuous function on R4, vanishing
on the infinity, and let us define a family of contraction operators
D(x) on C(Ry) :

D(x)f(s) := f(s(1+ p(x)).
Then, by definition, jump random evolution (RE) is defined as
the following product:

v(t)
V() = ]I D(zp).

k=1



GMRP as an Jump Random Evolutions

That is why, we obtain:

v(t) v(t)
V) f(s) = [I D) f(s) = f(s [ (1 + p(zp)) = £(S@)),

where S(t) is defined in (3) and S(0) = Sg = s. Let Q(x, A,t) be
a semi-Markov kernel for Markov renewal process (xn;en)nez+ ;



GMRP as an Jump Random Evolutions

Let us define an expectation of jump RE V(¢) :

u(t, z) 1= E[V(¢) f(x(1))],

where z(t) = T,(+)- 1 hen function u(t, z) satisfies the following
Markov renewal equation (MRE):

t —
u(t,e) = || Qa,dy,ds)D(y)ult —s,y) = Gu(t) f(a),

where Gz(t) = 1 — Gz(¢), Gz(t) := P(Opt1 < t|X —n = z),
f(x) is a bounded and continuous function on X.



GMRP as an Jump Random Evolutions

Taking into account the above representation, we obtain that

w(t, z,s) := Ezs[f(S(), z(1))]
satisfies the following MRE:

t ~
wit.z,s) = | [ Qa,dy,duyw(t —u,s(1+p(y)),y) = Ca(®)f(s.),

where f(s,z) is a bounded and continuous function on Ry x X.



GMRP as an Jump Random Evolutions

Equation (78) is a main tool in the investigation of limit distribu-
. . tT

tions of the functional S(t) = Sp Hz(zl)(l +pr(ag)) as T —4 -

It is one of the method for obtaining all the limits for Sp(¢) as

T — +o00. The second method is martingale method.



Martingale Properties of GMRP: Infinitesimal Operator of
the GMRP

Let us consider the representation

S t V(t)
in 5 = S (1 + p(a)).
50 k=1
To describe martingale properties of GMRP it needs to find an

infinitesimal operator of the process

v(t)
n(t) == > In(14 p(ay)).
k=1



Martingale Properties of GMRP: Infinitesimal Operator of
the GMRP

Let v(t) :(=t — T,(t)- Let us consider the process (x(t),~v(t)) on
X X R_|_. It is Markov process with infinitesimal operator

f ga(t)
QfGe,t) ="+ &y [ [P ) (4, 0) = f (0]

where gu(t) 1= ngt“), Gu(t) = 1 — Gu(t), where f(z,t) € C(X x
Ry).




Martingale Properties of GMRP: Infinitesimal Operator of
the GMRP

Infinitesimal operator for the process In S(t) has the form:

AfGa) = 200 [ PG+ +p(0),2) - 1G]
where z := InSg. The process (InS(t),z(t),v(t)) is a Markov

Process on R+ X X X R+ with infinitesimal operator

Lf(z,z,t) = Af(z,z,t) + Qf (2, z, 1),

where operators A and @ are defined above.



Martingale Properties of GMRP: Infinitesimal Operator of
the GMRP

From here we obtain that process

o
m(t) := f(InS(t),z(t),v(¥))—f(z, 0)—/o (A+Q) f(In S(u), z(u),v(u))du
is an F;-martingale, where F; := o(x(s),~v(s); 0 < s < t). If z(t) :=
T, () 1S @ Markov process with kernel
Q(z, A, t) = P(z, A)(1 — e M0,
namely, Gz(t) = 1 — e M2t then g.(¢t) = Mz)e M2t G.(1)

— Xz z(t)
e~ M@t and gx—(t) = Ax).



Martingale Properties of GMRP: Infinitesimal Operator of
the GMRP

That is why the operator A has the form:
Af(2) = A@) [ Pla.d)lf(z+In(L+p(y))) = F()]

For pair (InS(t),z(t)) on R4 x X we obtain that this process is
Markov process with infinitesimal operator

Lf(z,z) = Af(z,2) + Qf(z,x),
where

Qf(z,0) = A@) [ P(x,dy)(f(y) = f(2)).



Martingale Properties of GMRP: Infinitesimal Operator of
the GMRP

From here it follows that process

m(®) = F(n S, 2(0) ~ f(z2) — [ (A+Q)F(n S, a(w))du

is an Fy-martingale, where 7 :=o(z(u); 0 < u <1t).



Martingale property of the GMRP Let we have

v(t)
S(t) = So |] (1 + p(zg)).
k=1
Let us define for all ¢t € [0,T] :
v(t)
Ly := Lo |] h(zp), ELg =1,
k=1

where h(x) is a bounded continuous function:

[ h@P@d) =1, [ )P dy)p@y) =o.



Martingale property of the GMRP

If ELpy = 1, then process S(t) in (88) is an (F3, P*)-martingale,
where measure P* is defined as follows

= L,

dP
and

Fr:=o0(x(s);0 <s<t).



Martingale property of the GMRP

In discrete case we have

v(t)
n==50 ]] (1 + p(xx)).
k=1
Let Ly := Loll}—_q h(zg), ELy = 1, where h(x) is defined
above. If ELy = 1, then S, is an (F:, P*)-martingale, where

‘ﬁl—];k = Ly, and F, ;= o0(x; 0 < k <n).



Geometric Compound Poisson Process as a GMRP

The GMRP process we call such by analogy with the geometric
compound Poisson process

N(t)

Se=50 [ (1 +Yy),
k=1

where Sg > 0, N(t) is a standard Poisson process, (Yk)keZ+ are
i.i.d. r.v., which is a trading model in many financial applications
as a pure jump model (Aase, 1982).

The GMRP in (3) will be our main trading model in further
analysis.



Cox-Ingersol-Ross Process for Stock Price as a GMRP

If S, is the stock price at day n, then

Sn =350 [ (1 4 pp),
k=1

where p,. = a with probability p > 0, and p; = b with probability
1 —p, where —1 <a<r<bandr >0 is the interest rate. This
is Binomial model for stock price (Cox-Ross-Rubinstein, 1976).



Averaged GMRP

Further, we consider GMRP in series scheme. Under some con-

ditions the averaged GMRPs as ergodic, merged and double-
merged GMRP, are obtained.



Ergodic GMRP

Let (azn)n€Z+ has a stationary distribution p(A), A € X. The main
proposition with respect to S; consists of the fact that evolution
of Sy takes place in stationary regime, when the effect of ergodic-
ity of (a:n)n€Z+ is sufficiently influenced. It means that S; should
be considered on enough large intervals of time. Obviously, that
the same effect is reached under consideration v(¢) in another
time scale , in "fast" time, we have enough large changes states
of x=,.



Ergodic GMRP

Let us introduce the time scale interval T' > 0 and consider
vp(t) ;= v(T), in new "fast" time. To avoid of infinite changes
of S; for finite time under increasing T' — 4oo, It is necessary to
suppose dependence of value of jumps of the process Sy on T. It
means that function p(z) should depend on T (as S;, — S, — =
Sr—p(x)) ,i.e., p= pr(x), in such way that pr(xz) — 0 uniformly
by x.



Ergodic GMRP

Namely, we suppose for simplicity that

pr(z) =T *p(x),
for all x € X. In this way, functional S; in (3) has a form:

v(tT) v(tT)

S{ =50 I (L4 pr@e)) =50 I] (14T o(=p)).

k=0 k=0

(4)



Ergodic GMRP

Our aim is to study the behavior S{" in (4) in the following form:

v(tT)
ST = Soexp{ Y In(1 4+ T 1p(x))}
k=0
or, equivalently,
T v(T)

|nS—t = Y In(1 4+ T 1p(z)). (5)
0 k=0



Ergodic GMRP

Ergodic GMRP has the following form:

S = S’oeﬁt,
for all t € Ry, and Sg > 0, where p := [y p(dx)p(x)/m, m(x) :=
Jo° (1 — Gx(2))dt.

It means that the dynamic of ergodic GMRP which describes
the dynamic of stock prices is the same as the dynamic of bond
price with interest rate p.



Merged GMRP

Let us suppose that X consists of r ergodic classes X;, 1 =
1,2,...,r, with stationary distributions p,(dx) in each class. Then
Markov chain z; is merged to the Markov chain z; in the merged
phase space X = {1,2,...,r}. Taking into account the algorithms
of phase merging (see Korolyuk & Limnios (2005)) we obtain

that T—lxz(:tg) p(x) is merged to the integral functional

t
A(t) = /O 5(3(s))ds, (9)
where

PO = [ pr(dm)p(a) m(R) (10)

and m(k) := kapk(da:)m(aj), z(s) is a merged Markov process in
phase states of space X.



Merged GMRP

In this way, we obtain from (5)-(7) that in merging scheme

St t
In S—o —T—+400 0 p(Z(s))ds.

From here we have that if S —7_ 1 S, then

5, = SpeloP(E())ds, (11)

i 5 JoA(@(s))ds tp
Remark. If £k = 1 in (11), then S; = Spelo? = Spe'P,
where p is defined in (10). Namely, as k£ = 1, then S; coincides
with S; in (8).



Merged GMRP

Merged GMRP has the form:

5, = SpeloPE())ds (12)

where ¢t € Ry and Sp > 0. It means that the dynamic of merged
GMRP is the same as the dynamic of bond price with various
interest rates p(k), where k=1,2,...,r.



Double averaged GMRP Let us suppose that merged phase
space X of the merged Markov process z(t) consists of one er-
godic class with stationary distribution (pg)x=12. N



Double averaged GMRP

Then using algorithms of double averaging (see Korolyuk &
Limnios (2005)) we will have for expression in (7) for large T :

v(Tt)

T Y p(zr) =7 too th,
k=0

where p:=3T_, ppp(k), and p(k) are defined in (10).



Double averaged GMRP

Then,

Here, limp_ 1 S} := Si. That is why S; = Sge'?.



Double averaged GMRP

Double averaged GMRP has the form:
S; = S’oetﬁ,

where t € R4, and Sp > 0. The dynamic of double averaged
GMRP is the same as the dynamic of bond price with interest
rate p.



Diffusion Approximation of GMRP

Under additional balance condition, averaging effect leads to dif-
fusion approximation of GMRP. In fact, v is considered in the new
accelerated scale of time t7T2 : v = v(¢tT?). Due to more rapid
changings of states of the system under balance condition, the
fluctuations are described by diffusion process.



Ergodic Diffusion Approximation

Let us suppose that balance condition is fulfilled for functional

ST = oIy (1 + pr(ap)) -

p= /Xpmm) /X P(z,dy)p(y)/m = 0. (17)

Then S; = Sy, for all t € RT.



Ergodic Diffusion Approximation

Consider S!" in the new scale of time tT2 :

v(tT2)
Sr(t) :=Sto=50 [I Q47T p(zp)). (18)
k=1
Due to more rapid jumps of v(tT2) the process Sp(t) will be
fluctuated near the point Sg as T' — +o0.



Ergodic Diffusion Approximation

Using the reasonings analogic to (5)-(7), we obtain the following
expression:

v(tT2) v(tT2)
Sr(t _ _
n I = S ) — 12172 Y P+
0 k=1 k=1
v(tT?)

772 % (T o(ap)p?(zp). (19)
k=1



Ergodic Diffusion Approximation

Algorithms of ergodic averaging give the limit result for the sec-
ond term in (19) (see Korolyuk & Swishchuk (1995)):

21/(tT2) , ,
12772 Y p2(w) —1 oo 1/2t77, (20)
k=1

where p2 1= [y p(dz) [x P(z,dy)p?(y)/m.



Ergodic Diffusion Approximation

Using algorithms of diffusion approximation (see Korolyuk &
Swishchuk (1995)) with respect to the first term in (19) we
obtain:

v(tT?)
T_l Z p(il?k) —T—4+00 Jpw(t>7 (21)
k=1
where o5 1= [x p(dx)[1/2 [x P(z,dy)p?(y)
+/x Pz, dy)p(y) RoP(x,dy)p(y)/m, Ro is a potential of (zn)nez,
w(t) is a standard Wiener process.



Ergodic Diffusion Approximation

The last term in (19) goes to zero as T — 4oo. Let S(t) will
be the limiting process for Sp(t) in (19) as T'— 4o00.Then from
(19)-(21) follows that

¢ S(t
n S1(t) T too IN & = gpw(t) — 1/2tﬁ2, (22)
So So

where o, and p? are defined in (21) and (20), respectively.




Ergodic Diffusion Approximation

In such a way, from (22) we obtain that
S‘«(t) — Soeapw(t)—l/Qth — Sge_l/zthGUpw(t).

That is why S(¢) satisfies the following stochastic differential
equation (SDE):

dS(t) = S(t)[1/2(of — p2)dt + opdw(t)]. (23)



Ergodic Diffusion Approximation

Ergodic diffusion GMRP has the form
g(t) — Soe_l/ztﬁQGUpw(t),
and satisfies the following SDE

dS(t)
S(t)

= 1/2(0p — p2)dt + o,dw(t).

(24)



European Call Option Pricing Formulas for Diffusion GMRP

As we have seen, ergodic diffusion GMRP S(t) satisfies the fol-
lowing SDE:

dS(t)

50 1/2(op — p2)dt + opdw(t),

where
po= [ p(da) [ P(a,dy)o(y)/m,

of = | p(d0)[1/2 [ Pa.dy)p?(w)+ [ P(a,dy)p(y) RoP(e,dy)p(y)/m



European Call Option Pricing Formulas for Diffusion GMRP

The risk-neutral measure P* for the process is:
dP*

1
= exp{—0t — 592w(t)},
where
(3(op—p2) — )

Tp

60 =

Under P*, the process e 'S, is a martingale and the process
w*(t) = w(t) + 6t is a Brownian motion. In this way, in the
risk-neutral world, the process S; has the following form

dS(t)
S(t)

= rdt 4+ opdw™ (1),



European Call Option Pricing Formulas for Diffusion GMRP

Using Black-Scholes formula we get the Europan call option pric-
ing formula for our model:

C = Sod(dy) — Ke " (d-),

where
o In(So/K) 4 (r + 3051)
+ — Up\/% )
o In(So/E) + (r — 50pt)
= - ,

®(z) is a normal distribution and o, is defined above.



Merged Diffusion Approximation

Let us suppose that balance condition be satisfied:
p(k) = [ pp(da) [ Pa,dy)p()/m(k) =0, (25)
X X

for all k = 1,r, where (a:k)keer, pr and m(k) are defined in sub-
section 1.1.2 and conditions of reducibility of X are fulfilled.



Merged Diffusion Approximation

Merged diffusion approximated GMRP has the following form

5(t) = Sge 3 Jo PP @())ds+ [5.5(E(s))dw(s),

and satisfies the stochastic differential equation (SDE):

dS(t) 1
S@it) 2
where Z(t) is a merged Markov process.

(65 (&(1)) — p7(2(1)))dt + 5, (F(t))dw(t),

(31)

(32)



Diffusion Approximation under Double Averaging

Let us suppose that phase space X of the merged Markov process
z(t) consists of one ergodic class with stationary distributions
(pr.; k = 1,7). Let us also suppose that the balance condition is

fulfilled:

> Bri(k) = 0. (33)
k=1



Diffusion Approximation under Double Averaging

Then the algorithms of DA under double averaging give the fol-
lowing result as T' — o0 :

St(t) S) 1,
N > In —= = t) — —p-t, 34
So T——+o00 So Upw( ) 2p ( )
where
T T
55 = k; pro2(k), = ;;1 B2 (), (35)

and p?(k) and G5(k) are defined in (27) and (29), respectively.



Diffusion Approximation under Double Averaging

Diffusion GMRP under double averaging has the form
S(t) = Soe_%ﬁ%"'&/)w(t),

and satisfies the SDE

dS(t 1
g((t)) = (52 = Pt + 5pdu(®).




Normal Deviations of GMRP

The above-considered algorithms of averaging define the aver-
aged systems (or models) which may be considered as the first
approximation.

The above-considered algorithms of DA under balance condition
define diffusion models which may be considered as the second
approximation.

In this section we consider the algorithms of construction of the
first and the second approximation in the case when the balance
condition is not fulfilled.



Ergodic Normal Deviations of GMRP Let us consider the
normal deviated process

wr(t) == VT (arp(t) — pt), (36)

where ap(t) 1= T-15Y1) p(2,), and 5 is defined in (8) and

p 7= 0. The process wp(t) defined deviations of the initial model
ap(t) in scale of time tT from the averaged model pt. It is known
[2] that under large T the model wp(t) has the properties of
Wiener process.



Ergodic Normal Deviations of GMRP

In this way, initial model under large 1" is represented in the form
of double approximation:
1
ap(t) ~ pt + —ocw(t), 37
T(t) ~p T (1) (37)
where w(t) is a standard Wiener process with some diffusion
coefficient o.



Ergodic Normal Deviations of GMRP

Ergodic normal deviated GMRP has the form:

S(t) ~ SoePttT H2aw(t) (43)
or, in SDE form
dS—+(t 1 1/
S;((t)) = (p+ ET 152Ydt + T 1/20dw(t). (44)



Reducible (or Merged) Normal Deviations

In reducible case we suppose that

p(k) # 0,
for all k= 1,r, and let us consider the normal deviated process
wp(t) := VT (ap(t) — 5(t)), (45)

where ap(t) is defined in (36), and 5(t) = [{ 5(2(s))ds, and p(k)
is defined in (10).



Reducible (or Merged) Normal Deviated of GMRP

In this case the construction of normal deviated process for ap(t)
in reducible case consists of the fact (see Korolyuk & Swishchuk
(1995)) that wp(t) is a stochastic Ito integral under large T :

t
Br(t) =T oo [ 5(3(5))du(s). (46)
where
) 1= [ pr(@n)(Pp-pR)Ro(Pp—p(k)+2 " (Po—p()] fm(k),
(47)

for all k=1,r.



Reducible (or Merged) Normal Deviated of GMRP

Here, double approximation has the following form:

ar(®) = () + T2 [ ' 5(#(s))dw(s). (48)



Reducible (or Merged) Normal Deviated of GMRP

Reducible normal deviated GMRP has the form:
Sp(t) ~ SeePOFT Y2 [55(E(s))dw(s).

or, in the form of SDE
dS7(t)
St(t)
where p(k) and &2(k) are defined in (10) and (47), respectively.

~ (WD) + T2 @)t + T H25(5(0))dw (D), (49)



Normal Deviations of GMRP under Double Averaging

From double averaging it follows that limiting process under dou-
ble averaging is the process pt, where p is defined in (13). Let
us suppose that p # 0, and let us consider the normal deviated
process

wr(t) == VT (ap(t) — pt). (50)



Normal Deviations of GMRP under Double Averaging

Normal deviations of the initial process under double averaging
consists of the fact that process wp(t) in (50) under large T is
a Wiener process with diffusion coefficient o :

T
52 =Y prp-(k), (51)
k=1
where 52(k) is defined in (47), namely,

B () =7 oo Fw (D).



Normal Deviations of GMRP under Double Averaging

In this way, double approximation of ap(t) in (50) is expressed
in the form:

ap(t) ~ pt + T~ 25w(1). (52)
From (7), (50) and (52) it follows that

St(t)

~ 5t + T~ 25w(1),
S0

N

or, equivalently,

St(t) ~ Soeﬁt+T_1/2ﬁw(t).



Normal Deviations of GMRP under Double Averaging

Normal deviated GMRP under double averaging has the form:

S(t) ~ SgePtt T 12euw(®), (53)
or, in the form of SDE,
dS—r(t _ 1 4 _1/2-
S;((t)) = (p+§T 152yat + T 1/25dw(t). (54)



Averaging in Poisson Scheme

In this section we consider averaging of GMRP in Poisson scheme.
In the limit we obtain compound Poisson process with determin-
istic drift.

Let pl(z,w) = pi(z) be a sequence of random variables for all
x € X and for all T" > 0. Let us consider the process StT in series
scheme:

v(tT) v(tT)

S =50 [T (0 4ok @) =50 ITI A +T pp(ar)).  (55)
k=1 k=1



Averaging in Poisson Scheme

We note that this scheme is more general then previous, becouse
of the random variables p; L'(xz,w). From (55) it follows that

v(tT) v(tT)

WS PONLICEVACHES I WIS NI CD
k=1

So
for large T.



Averaging in Poisson Scheme

Using the result by Korolyuk & Limnios (2002) we obtain that
right hand-side of (56) converges weakly to compound Poisson
process P(t) with deterministic drift:

v(tT) - No(t) 0
Z Pl (CCk) —T—4+00 P(t) = Z L. + apqt, (59)

where af are i.i.d.r.v. with distribution function FO(z).



Averaging in Poisson Scheme

In this way,
ST S t NO(t>
In =L — Tt IN g( ) = P(t) = Z af. + aoqt,
0 k=1
or,
No(t) o

Sp(t) = Spe~k=1 ozk—l—aoqt,

where we indicate by Sp(t) the limit limp_ 4 S{ = Sp(t).



Averaging in Poisson Scheme

We note that
No (1)

Z %—// yu(dy; ds),

where p is @ measure of jumps of the process Np(t). Hence,

n Sp(t)

/ / yu(dy; ds) 4+ aggt,
or, in the from of SDE

dSp(t) . +o0 _
s = /O yu(dy; dt) + agqdt. (61)

Poisson GMRP is the solution of the SDE in (61). It means
that the dynamic of stock price in Poisson scheme is described
by Poisson GMRP and is the Merton model.




Proving the Results

All the above-mentioned results are obtained from the general re-
sults for semi-Markov random evolutions (see Korolyuk & Swishchuk
(1995)) in series scheme:

e \Weak convergence of StT in Skorokhod space Dg[0, 400)

e Solution of martingale problem for the limit process 5;

e Uniqueness of solution of martingale problem



Option pricing formula under Poisson scheme

In this section we consider oprion pricing formula for European
call options, which describe by dynamic of stock prices as GMRP
in discrete and continuous time cases. Let f(Sy) = (Sy — K)*,

and Sy = SoIIi_;(1 + p(xy)). Then

Cn(y) = E*[(1+7)"Nf(Sn)IFol

(147N [x o [x FSoTLZ 1 (1 4 p(u))) P*(yi-1, dy;),
where yg = y, and P*(xz, A) = hP ia the distribution of x;, with
respect to P*.



Option pricing formula under Poisson scheme

Let £(S) = (Sp — K)F, and Sy = SoTIXE (1 4 play)). Then

Cr(y) = E*[(1+r)~"f(S)|Fo]

E*[E*[(1 + r) Nf(ST)|V(T)|~7:O]] =

(14 )N T2 P(T) = k)

Jx - Jx f(SoH 1 (1 + p(yi)) P*(yi—1,dy;)),
where P*(x,A) = hP is a distribution of x, with respect to P*
h is defined above, yg = y.

~



Option pricing formula under Poisson scheme

In the case of Poisson process v(t) = N(t) we obtain:

Cr(y) = (A+r)Nyfxe /\Tk(f\T)k Jx
fX f(So H@_l(l + p(¥i))) P (yi—1,dy;).
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Conclusion

1. Random Evolutions (REe)

2. Applications of REs: Financial Mathematics, Biomathemat-
ics, etc.

3. Geometric Markov Renewal Processes (GMRP)

4. Averaging, DA, ND and Poisson Approximation of GMRP



The End!
Thank you for your attention and time!
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