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Overview

This talk will contain an overview of the programme of research reported in
the following papers:

D-V/W (2006) Asymptotic behaviour of mean-quantile efficient portfolios,
Finance and Stochastics 10:529–551

D-V/W/Lari-Lavassani/Li (2010) Continuous-time portfolio selection under
Conditional Capital at Risk, Journal of Probability and
Statistics (to appear)

D-V/W (2010) Optimal portfolios of mean-reverting instruments, Submitted
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Definitions

Variance

Var[V(t)] = E
[
(V(t)− E[V(t)])2

]
α-quantile

qα := inf{u ∈ R | P[V(t) ≤ u] ≥ α}.

Tail Mean (TM)
For a given risk level α, the tail
mean, or expected shortfall, of V(t)
is the expected value of V(t)
provided that V(t) ≤ qα, i.e.

TMα(V(t)) := E[V(t) | V(t) ≤ qα].

Capital at Risk (CaR)
For a given α, CaR is the difference
between the riskless return and qα, i.e.

CaR(V(t)) := V(0)R0(t)− qα.

Value at Risk (VaR)
For a given α, VaR is the difference
between the expected return and qα, i.e.

VaR(V(t)) := E[V(t)]− qα

Conditional Capital at Risk (CCaR)
CCaR is the difference between the
riskless return and the tail mean, i.e.

CCaR(V(t)) := V(0)R0(t)−TMα(V(t)).

Conditional Value at Risk (CVaR)
For a given α, CVaR is the difference
between the expected return and qα, i.e.

CVaR(V(t)) := E[V(t)]− TMα(V(t)).
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Comparison

25th March, 2010: Portfolio optimization under downside risk measures Introduction



Coherency

Let V be the set of real valued random processes on a complete probability
space (Ω,F ,P). Let S(t),Y(t) ∈ V, and C ∈ R. Then ρ : V → R is a
coherent risk measure if it has the following properties:

Subadditivity: ρ(S(t) + Y(t)) ≤ ρ(S(t)) + ρ(Y(t)) for t ∈ [0,T].
Positive Homogeneity: if C > 0, ρ(CS(t)) = Cρ(S(t)) for t ∈ [0,T].
Monotonicity: if S(t)) ≥ Y(t) a.e., ρ(S(t)) ≤ ρ(Y(t)) for t ∈ [0,T].
Translation Invariance: ρ(S(t) + C) = ρ(S(t)) for t ∈ [0,T].

CaR CCaR VaR CVaR
Subadditivity no yes no yes

Positive Homogeneity yes yes yes yes
Monotonicity yes yes no no

Translation Invariance yes yes yes yes
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Coherency

Example

Let A and B be discrete random variables with joint probability distribution

B\A 70 90 100
70 0 0 0.03
90 0 0 0.02
100 0.03 0.02 0.90

Then
A + B :

(
170 190 200
0.06 0.04 0.9

)
qA = qB = 90

qA+B = 170 < qA + qB

VaR(A) = VaR(B) = 8.9.

VaR(A + B) = E [A + B]− q(A+B) = 27.8 > VaR(A) + VaR(B)
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Market setting

Bond Dynamics

dS0(t) = r(t)S0(t)dt, r(t) > 0, t ∈ [0,T], S0(0) = p0 > 0.

Stock Dynamics

dSi(t) = Si(t)

bi(t)dt +
m∑

j=1

σij(t)dW j(t)

 , Si(0) > 0.

Parameters
σ(t), σ−1(t), b(t) and r(t) are deterministic, Borel measurable, bounded
functions.

For each t, σ(t) satisfies the non-degeneracy condition

∃δ > 0 : x′σ(t)σ(t)′x ≥ δx′x, , ∀x ∈ Rm.
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Portfolio dynamics

Trading strategy: N(t) := (N0(t), ...,Nm(t))′.

Wealth process: X(t) :=
m∑

i=0
Ni(t)Si(t).

Self-financing strategy: dX(t) :=
m∑

i=0
Ni(t)dSi(t).

Risk premium: B(t) = b(t)− r(t)1.
Portfolio process: πi(t) = Ni(t)Si(t)

X(t) , i = 1, . . . ,N.

Wealth Equation

dXπ(t) = Xπ(t)
( (

r(t) + B(t)′π(t)
)

dt + σ(t)′π(t)dW(t)
)
,

Xπ(0) = X0.

Market Price of Risk

θ(t) = σ(t)−1B(t).
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Quantile-based risk measures

E [Xπ(t)] = X0 exp (R0 (t) + 〈B, π〉t) .

α-quantile

qα(X0, π, t) = X0 exp (R0(t) + 〈B, π〉t) exp
(
−1

2‖π
′σ‖2

t − |zα|‖π′σ‖t
)
.

Capital at Risk

CaR(X0, π, t) = X0 exp (R0(t))
(

1− exp(〈B, π〉t −
1
2‖σ

′π‖2
t − |zα|‖σ′π‖t)

)
.

Value at Risk

VaR(X0, π, t) = X0 exp (R0(t) + 〈B, π〉t)
(

1− exp(− 1
2‖σ

′π‖2
t − |zα|‖σ′π‖t)

)
.

For a vector-valued functions f and g on [0,T], ‖f‖t :=
√∫ t

0 ‖f (s)‖2 ds, where
‖·‖ is the usual Euclidean norm. 〈f , g〉t is the corresponding inner product.
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Quasiconvexity

Let S be a nonempty convex set in Rm. The function f : S→ R is said to be
strongly quasiconvex if, for each x1, x2 ∈ S, x1 6= x2, the inequality

f (λx1 + (1− λ)x2) < max {f (x1) , f (x2)} ,

holds for each λ ∈ (0, 1).

Theorem
CaR is a strongly quasiconvex function of π (·), i.e.

CaR(X0, λπ + (1− λ)ξ,T) < max{CaR(X0, π,T),CaR(X0, ξ,T)},

for all π(t), ξ(t) such that {t ∈ [0,T] | π(t) 6= ξ(t)} has a positive Lebesgue
measure, and for all λ ∈ (0, 1).
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Quasiconvexity

Example (Quasiconvexity of CaR )
We consider a market with one stock following the SDE

dS(t)=S(t) (0.15dt + 0.2dW(t)) , t ∈ [0, 16], S(0) = 10.
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The graph of CaR(π) for
π ∈ [−5, 5], T = 16,
S(0) = 10, r = 0.05,
σ = 0.2, b = 0.15. The
global minimum πε lies in the
interval [0, 1], and satisfies
CaR (πε) < 0.
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VaR is not a strongly quasiconvex function of π(·)

Example
dS(t)=S(t) (0.15dt + 0.2dW(t)) , t ∈ [0, 16], S(0) = 10, r = 0.05.
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The Merton (or market) portfolio
Every optimal portfolio will involve a multiple of this.

πM(t) =
(
σ(t)σ(t)′

)−1B(t).

〈B, πM〉t = ‖θ‖2
t .
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Minimal CaR

The portfolio that minimizes CaR (for a given α) is

πε1 =
ε1

‖θ‖T
πM(t),

where
ε1 =

(
‖θ‖T − |zα|

)
+
.

The minimal CaR is

CaR
(
Xπε1 (T)

)
= X0R0(T)

(
1− eε

2
1/2),

and the corresponding expected wealth is

E
[
Xπε1 (T)

]
= X0R0(T)eε1‖θ‖T .
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Maximum expected wealth under constrained CaR

Suppose that C satisfies(
1− e

1
2 (‖θ‖T−|zα|)2)

+
≤ C

X0R0(T)
< 1.

The portfolio that maximizes E[Xπ(T)] under the constraint
CaR

(
Xπ(T)

)
≤ C is

πε2 =
ε2

‖θ‖T
πM(t),

where
ε2 = ‖θ‖T − |zα|+

√
(‖θ‖T − |zα|)2 − 2c,

where

c = ln
(

1− C
X0R0(T)

)
.

The corresponding expected wealth is

E
[
Xπε2 (T)

]
= X0R0(T)eε2‖θ‖T .
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Maximum expected wealth under constrained VaR

The portfolio that maximizes E[Xπ(T)] under the constraint
VaR

(
Xπ(T)

)
≤ C is

πε3 =
ε3

‖θ‖T
πM(t),

where ε3 solves

eε3‖θ‖T

(
1− e−ε

2
3/2−|zα|ε3

)
=

C
X0R0(T)

.

The corresponding expected wealth is

E
[
Xπε3 (T)

]
= X0R0(T)eε3‖θ‖T .
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Minimal CCaR

The portfolio that minimizes CCaR (for a given α) is

πε4 =
ε4

‖θ‖T
πM(t),

where, if α ‖θ‖T > φ(|zα|), ε4 solves

φ(|zα|+ ε4) = Φ(− |zα| − ε4) ‖θ‖T .

The minimal CCaR is

CCaR
(
Xπε1 (T)

)
= X0R0(T)

(
1− 1

α
eε4‖θ‖T Φ(− |zα|

))
,

and the corresponding expected wealth is

E
[
Xπε4 (T)

]
= X0R0(T)eε4‖θ‖T .
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Maximum expected wealth under constrained CCaR

Suppose that C satisfies{
X0R(T)

(
1− 1

αeε4‖θ‖T Φ(−|zα| − ε4)
)
≤ C < X0R(T), if ‖θ‖T ≥

φ(|zα|)
α

0 ≤ C < X0R(T), if ‖θ‖T <
φ(|zα|)
α .

The portfolio that maximizes E[Xπ(T)] under the constraint
CCaR

(
Xπ(T)

)
≤ C is

πε5 =
ε5

‖θ‖T
πM(t),

where ε5 solves

ε5 ‖θ‖T + ln Φ(−|zα| − ε5)− lnα− c = 0,

where

c = ln
(

1− C
X0R0(T)

)
.

The corresponding expected wealth is

E
[
Xπε5 (T)

]
= X0R0(T)eε5‖θ‖T .
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The setting

Bond process:

dS0(t) = rS0(t)dt, S0(0) = s0.

Then, with r constant, S0(t) = s0ert.

Stock/commodity processes:

dSi(t)
Si(t)

= βi(Li − ci ln Si(t))dt +
∑

j

σijdWj(t), i = 1, . . . ,m.

Define W(t) :=
(
W1(t), . . . ,Wm(t)

)′, ai := βiLi, bi := βici and
σi := (σi1, . . . , σim). Then

dSi(t)
Si(t)

= (ai − bi ln Si(t))dt + σidW(t), i = 1, . . . ,m.
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Log transform

Let Yi(t) := ln Si(t) so that

dYi(t) = (âi − biYi(t))dt + σidW(t), i = 1, . . . ,m,

where âi = ai − 1
2 ‖σi‖2.

We can use this expression to compute the means and covariances of the
normally-distributed random variable Yi(t):

E[Yi(t)]= Yi(0)e−bit + âiE(t, bi)

and

Cov[Yi(t),Yj(t)]= σiσj
′E(t, bi + bj),

where

E(t, b) :=
∫ t

0
e−bτdτ.
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Solving the SDEs

The substitution
Zi (t) = ebitYi (t)

yields
dZi(t) = ebitâidt + ebitσidW(t),

i.e.,

Zi(t) = zi,0 + âiE(t,−bi) +
∫ t

0
ebiuσidW(u).

This leads to

Yi(t) = e−bityi,0 + âiE(t, bi) + e−bitσi

∫ t

0
ebiudW(u),

which in turn will provide the means and covariances.
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Wealth process

X(t) =
∑m

i=0 Ni(t)Si(t).

Portfolio: set πi := Ni(t)Si(t)
X(t) ∈ R, so that

∑
i πi = 1, and let Ni(t) be such

that πi =constant.

N(t) is a self-financing strategy, so that

dX(t) =
m∑

i=0

Ni(t)dSi(t)

= N0S0(t)rdt

+
m∑

i=1

Ni(t)Si(t) [(ai − bi ln Si(t))dt + σidW(t)]

= X(t)

(
rdt +

m∑
i=1

πi [(ai − r − bi ln Si(t))dt + σidW(t)]

)
.

25th March, 2010: Portfolio optimization under downside risk measures Mean reversion



Log-wealth process

Set H(t) := ln X(t). Then

dH(t) = µdt +
∑

i

πi [−biYi(t)dt + σidW(t)] ,

where
π = (π1, . . . , πm)′,

σ =

σ1
...

σm

 ,

and
µ = r + π′(a− r1)− 1

2

∥∥π′σ∥∥2
,

with a = (a1, . . . , am)′.
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Log-wealth

From the previous slide,

dH(t) = µdt +
∑

i

πi [−biYi(t)dt + σidW(t)] .

Turning our attention to the terms in square brackets, we find

−biYi(t)dt + σidW(t) = dYi(t)− âidt.

Thus
dH(t) = (µ− π′â)dt + π′dY(t),

and so
H(t) = H(0) + (µ− π′â)t + π′(Y(t)− Y(0)).
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Mean and variance

From our knowledge of the mean and variance of Y we can thus deduce

E[H(t)] = H(0) + (µ− π′â)t +
∑

i

πiE(t, bi)(âi − biYi(0))

and
V[H(t)] = π′F(t, b)π,

where the positive-definite matrix F (at least it is for t > 0) has entries

Fij(t, b) = σiσj
′E(t, bi + bj).

Note that if we set F(t, b) to be the vector with entries
Fi = E(t, bi)(âi − biYi(0))− âit, then F(t, 0) = 0 and

E[H(t)] = H(0) + µt + π′F(t, b).
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Quantiles

We denote the α-quantile of a random variable X by qX , and we have

qH(t) = E[H(t)]− |zα|
√

V[H(t)]

= H(0) + rt + π′ [(â− r1)t + F(t, b)]

− t
2

∥∥π′σ∥∥2 − |zα|
√

π′F(t, b)π.

We set g(t) := (â− r1)t + F(t, b) so that

f (π, t) = π′g(t)− t
2

∥∥π′σ∥∥2 − |zα|
√

π′F(t, b)π.

Then we can write the α-quantile of the wealth process X as

qX(t) = X(0)ertef (π,t).
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Capital-at-Risk (CaR) and Value-at-Risk (VaR)

Recall that CaR is the difference between the riskless wealth and the
α-quantile:

CaR = X(0)ert
(

1− ef (π,t)
)
.

VaR is the difference between the expected wealth and the α-quantile:

VaR = X(0)ert+π′g(t)− t
2‖π

′σ‖2

×
{

e
1
2 π′F(t,b)π − e−|zα|

√
π′F(t,b)π

}
.
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Minimizing CaR

We seek to minimize CaR = CaR(π,T) at the time horizon T .
Note that

argmin
π

CaR(π,T) = argmax
π

f (π,T)

= argmax
π

π′g(T)− T
2

∥∥π′σ∥∥2 − |zα|
√

π′Fπ.

If we look for critical points in this expression, we certainly have one when
π = 0. Also, we find that the gradient is zero when

g(T)− Tσσ′π − |zα|√
π′Fπ

Fπ = 0.

But this implies that

π =
(

Tσσ′ +
|zα|√
π′Fπ

F
)−1

g(T).
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Minimizing CaR

If we write λ =
√

π′Fπ, then we find that λ must satisfy∥∥∥A
(
λTσσ′ + |zα|F

)−1 g(T)
∥∥∥ = 1,

where F = A′A.
This equation can be shown to have a unique positive solution if
g(T)′F−1g(T) > |zα|2. In this case the optimimum π is given by

π =
(

Tσσ′ +
|zα|
λ

F
)−1

g(T).

Otherwise the optimum portfolio has π = 0.

25th March, 2010: Portfolio optimization under downside risk measures Mean reversion



One-dimensional results
Typical asset paths (left) and 2-year CaR (right) for the one-dimensional asset model with
parameters: L = log 7, c = 1, S(0) = 5, σ = 0.3, T = 2,X0 = 100, and for β = 1, 2, 5 and 50.
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One-dimensional results
Typical asset path (left) and 2-year CaR (right) for the one-dimensional asset model with
parameters: L = log 7, c = 1, S(0) = 9, σ = 0.3, T = 2,X0 = 100, and for β = 10.
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Multi-asset results

We assume that the correlation matrix is ρ =

[
1.0 −0.6 0.5
−0.6 1.0 0

0.5 0 1

]
.

The final time T = 1, X0 = 100, and r = 0.02; α = 0.05 and the other
coefficients, and the resulting optimal strategy (π1, π2, π3), are given by

π -1.02 -1.65 2.35
L 0.05 0.50 1.50
β 1 2 5

Y(0) 1 1 1

CaR as a
function
of π
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