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The process

The Heston model (Heston (1993))

dS[ — /,LtStdt + \/\TtStdZtl
with (dZ!,dZ?) = pdt.

This is an affine process (Duffie ef al. (2000)): the drifts and
covariance are linear in S; and v,.

The valuation equation

|
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Note that Gatheral has assumed that the original process is already in

the pricing measure.
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European option pricing

The valuation equation rewritten

@ Consider a call option expiring at 7" with strike price K.

@ Setx=1In %, where F 1 is the T-forward price of the stock
index at time .

@ Sett =T —+t.

@ Write C(1,x,v) =¢e""V(t,S,v).

1 1 1
—C; + EVCXx - Evi + 5772"'va + pvCo — A(v —=¥)C, =0

with final time condition C(0, x,v) = K(e* — 1).

According to Duffie ef al. (2000), we can look for the solution in the

s C(r,x,v) = K(exPl (1,x,v) — Po(T,x, v))
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European option pricing

P equations: forj =0, 1

an v@sz jvan zvasz 82Pj 8PJ_
o T2ae Ve T gttty =0
where a = Avand b; = \ — jon.

+pnv

T—0

Final time conditions: lim P;(7,x,v) = 1,~0}. J

4

Fourier transforms

Set, forj =0, 1,

Pi(T,u,v) :/e_i”"Pj(T,x, v)dx,
R

so that

1 .~
Pi(T,x,v) = %/Re‘”"Pj(T,u,v)du.

A\
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European option pricing

Transformed equations

The P equations have constant coefficients in x, and transform into
. oP; 0P oP; 0P
V|:C¥ij—Bja_vj+ ]:| / L=

Yo | Ty T ar
where 5
u ..
aj:—§—§+1ju
By = A — pnj — pniu
7
Y= 2

We look for solutions of this in the form

Pj(T, u,v) = CQ(T’”)MDJ(T’”)VIBJ-(O, u,v).
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European option pricing

The result is a set of Riccati equations for C; and D;:

oC; 0D, B

8_; = ADj; a—TJ = y(D; — " )(D; —177),
where

. /[R2 _ .
j 27 n?
Given that C;(0, u) = D;(0,u) = 0, Gatheral deduces
1 —e 9" _ 2\ 1— gje‘df'T
D(T,M) W, C(’T,M) :/\rj T—Fln <Tg]) 9

where g; = 17" /1"
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European option pricing

The final step. ..

...1s to compute
1 1 oo eCj(T,u)V—i-Dj(ﬂu)v—&-iux
Pj(T,X,V):—+—/ §R{ - }du,
2w 1u

and compute the option value via
C(7,x,v) = K(e"P (7, x,v) — Po(T,x,V)).

v

Two comments

@ The complex logarithm in the formula for C; should be
continuous with respect to u. This appears to always be the case
when the principal value is used in this formulation.

@ The Heston conditional characteristic function can also be
computed using the functions C; and D;.

A\
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European option pricing

Black Scholes implied volatilities from Heston option prices
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Simulation

The SDE again Euler discretization

dS, = pS,dt + \/v,SdZ! The variance process becomes

dvt — _)\(Vz _ V)dl‘ + n\/V_tdZ;Z Vit = vi—)\(vi—\_/)At—H} V,-Al‘Z.
The convergence is extremely
with (dZ/,dZ}) = pdt. slow.

Milstein discretization

Incorporating higher order terms in the It6-Taylor expansion leads to

2
Viyl = Vi — /\(V,’ — V)At + N/ Vl'AtZ = %At(Zz — 1)

2 2
= (va+ 2Vaz) - A -v)ar-Tar

The stock process should be discretized in terms of x; = log S;/So:
Xip1 = X; — 3Ot + /v AtW, where E[ZW] = p.
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