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The process

The Heston model (Heston (1993))

dSt = µtStdt +
√

vtStdZ1
t

dvt = −λ(vt − v)dt + η
√

vtdZ2
t

with 〈dZ1
t , dZ2

t 〉 = ρdt.
This is an affine process (Duffie et al. (2000)): the drifts and
covariance are linear in St and vt.

The valuation equation

∂V
∂t

+
1
2

vS2∂
2V
∂S2 +ρηvS

∂2V
∂v∂S

+
1
2
η2v

∂2V
∂v2 + rS

∂V
∂S
− rV = λ(v− v)

∂V
∂v
.

Note that Gatheral has assumed that the original process is already in
the pricing measure.
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European option pricing

The valuation equation rewritten
Consider a call option expiring at T with strike price K.
Set x = ln Ft,T

K , where Ft,T is the T-forward price of the stock
index at time t.
Set τ = T − t.
Write C(τ, x, v) = erτV(t, S, v).

−Cτ +
1
2

vCxx −
1
2

vCx +
1
2
η2vCvv + ρηvCxv − λ(v− v)Cv = 0

with final time condition C(0, x, v) = K(ex − 1)+.

According to Duffie et al. (2000), we can look for the solution in the
form

C(τ, x, v) = K
(
exP1(τ, x, v)− P0(τ, x, v)

)
.
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European option pricing

P equations: for j = 0, 1

−∂Pj

∂τ
+

v
2
∂2Pj

∂x2 −(−1)j v
2
∂Pj

∂x
+η2 v

2
∂2Pj

∂v2 +ρηv
∂2Pj

∂v∂x
+(a−bjv)

∂Pj

∂v
= 0

where a = λv and bj = λ− jρη.

Final time conditions: lim
τ→0

Pj(τ, x, v) = 1{x>0}.

Fourier transforms
Set, for j = 0, 1,

P̃j(τ, u, v) =

∫
R

e−iuxPj(τ, x, v)dx,

so that
Pj(τ, x, v) =

1
2π

∫
R

eiuxP̃j(τ, u, v)du.
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European option pricing

Transformed equations
The P equations have constant coefficients in x, and transform into

v
[
αjP̃j − βj

∂P̃j

∂v
+ γ

∂2P̃j

∂v2

]
+ a

∂P̃j

∂v
− ∂P̃j

∂τ
= 0,

where
αj = −u2

2
− iu

2
+ iju

βj = λ− ρηj− ρηiu

γ =
η2

2
.

We look for solutions of this in the form

P̃j(τ, u, v) = eCj(τ,u)v+Dj(τ,u)vP̃j(0, u, v).
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European option pricing

The result is a set of Riccati equations for Cj and Dj:

∂Cj

∂τ
= λDj;

∂Dj

∂τ
= γ(Dj − r+j )(Dj − r−j ),

where

r±j =
βj ±

√
β2

j − 4αjγ

2γ
=:

βj ± dj

η2 .

Given that Cj(0, u) = Dj(0, u) = 0, Gatheral deduces

D(τ, u) = r−j
1− e−djτ

1− gje−djτ
; C(τ, u) = λr−j τ −

2λ
η2 ln

(
1− gje−djτ

1− gj

)
,

where gj = r−j /r+j .

5th October, 2010: The Volatility Surface (Jim Gatheral) European option pricing



European option pricing

The final step. . .
. . . is to compute

Pj(τ, x, v) =
1
2

+
1
π

∫ ∞
0
<
{

eCj(τ,u)v+Dj(τ,u)v+iux

iu

}
du,

and compute the option value via

C(τ, x, v) = K
(
exP1(τ, x, v)− P0(τ, x, v)

)
.

Two comments
The complex logarithm in the formula for Cj should be
continuous with respect to u. This appears to always be the case
when the principal value is used in this formulation.
The Heston conditional characteristic function can also be
computed using the functions Cj and Dj.

5th October, 2010: The Volatility Surface (Jim Gatheral) European option pricing



European option pricing
Black Scholes implied volatilities from Heston option prices
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Simulation
The SDE again

dSt = µtStdt +
√

vtStdZ1
t

dvt = −λ(vt − v)dt + η
√

vtdZ2
t

with 〈dZ1
t , dZ2

t 〉 = ρdt.

Euler discretization
The variance process becomes

vi+1 = vi−λ(vi−v)∆t+η
√

vi∆tZ.

The convergence is extremely
slow.

Milstein discretization
Incorporating higher order terms in the Itô-Taylor expansion leads to

vi+1 = vi − λ(vi − v)∆t + η
√

vi∆tZ +
η2

4
∆t(Z2 − 1)

=
(√

vi +
η

2

√
∆tZ

)2
− λ(vi − v)∆t − η2

4
∆t.

The stock process should be discretized in terms of xi = log Si/S0:
xi+1 = xi − vi

2 ∆t +
√

vi∆tW, where E[ZW] = ρ.
5th October, 2010: The Volatility Surface (Jim Gatheral) Simulation



References

Duffie, Darrell, Pan, Jun, & Singleton, Kenneth. 2000. Transform analysis and asset
pricing for affine jump-diffusions. Econometrica, 68(6), 1343–1376.

Heston, Steve L. 1993. A closed-form solution for options with stochastic volatility
with applications to bond and currency options. Review of Financial Studies, 6(2),
327–343.

5th October, 2010: The Volatility Surface (Jim Gatheral) Simulation


	The process
	European option pricing
	Simulation
	References

