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Plan of the talk

Plan of the talk

Modeling of the underlying: the ARSV approach.
Volatility estimation methods.

Martingale measures: MMM and the Extended Girsanov
Principle.

Pricing and hedging via local risk minimization.
Empirical results.
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Some history

Modeling the underlying .
g ying g of the underlying

y (ARSV) family

Some history

m Louis Bachelier and Brownian motion: " Théorie de la
Spéculation” (1900)

m Black, Merton, Scholes formula (1973) and geometric
Brownian motion. Merton, Scholes Nobel prize 1997. Prices
always positive.

0,2
dSt = St(udt + g'dBt) — St — Soe(ll«*j)tJrO'Bt

m Empirical inaccuracies: leptokurtic distributions of returns and
volatility clustering. The volatility smile.
m Proposals in continuous time:

m More general stochastic processes: Levy finance, jumps... @
m Stochastic volatility: Hull and White (1987), Heston (1993).
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Some history

Time series approach to the modeling of the underlying
GARCH {

The auto Ssiv chastic volatility (ARSV) family

Modeling the underlying

Time series

m More general than strong Euler discretizations of SDEs.

m Possibility of incorporating in the pricing pure time series
theoretical concepts: cointegration (Duan, Pliska (2001))

m Need to go beyond linear models. They are all homoscedastic.

m No stochastic volatility. The number of innovations remains
constant.

m ARCH models: Engle (1982). Originally introduced to model
the variance in the UK inflation.

m GARCH: Bollerslev (1986); more parsimonious.

m Asymmetric GARCH: Ding, Granger, and Engle (1993). It

captures the different impact that positive and negative @
shocks have on volatility.
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. n Some history
Modeling the underlying N ’

f the underlying

y (ARSV) family

Generalized Autorregressive Conditional Heteroscedasticity

m The original Ding, Granger, and Engle (1993)-He and
Terasvirta (1999) model:

log (Sn/Sn—1) = m=p+onen, wneR,
P q
oy = wt > Bioh i+ > ail|Fasil = viTai)’.
i=1 i=1
m The Heston-Nandi model (2000). Picked because it yields a
closed-form option pricing formula:

log (S5n/Sn-1) =: m=r+ )\0,2, +onen, wBER,

2

p q
o, = w+ Zﬁ;cr?,_,- + Z ajlen—i — 7;0’n—i)2- @
i=1 i=1
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. n Some history
Modeling the underlying N ’

to the modeling of the underlying

e stochastic volatility (ARSV) family

GARCH advantages and rigidities

m Successful in capturing both leptokurticity and volatility
clustering. For all these models leptokurticity and
heteroscedasticity are linked. For example, for Gaussian
innovations:

E [Uﬁef, B var (0,2,)

" (El22)? (E[02])°

m Kurtosis: Ling and McAleer (2002) contains a
characterization for the existence of the fourth moment for
asymmetric GARCH. This characterization is much needed in
the optimization problem in the next point and for pricing via

local risk minimization. @
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Some history
approach to the modeling of the underlying
main features
ive stochastic volatility (ARSV) family

Modeling the underlying

Necessary and sufficient condition for the existence of the moment
of order 2m is that

p[E [457]] < 1. )
where p(B) = max {|eigenvalues of the matrix B|}, A is given by
a1Z; T apZt B1Z; T ﬂth
A— lo-1)x(p-1) Op-1)x1 Op-1)xq
ag . p 61 Bq
Og-1)xp la-1)x(a-1) O(g-1)x1

and Z; := (|es| — ve;)?. For m =1, the condition (1) is the same
as before. The kurtosis is finite whenever (1) holds with m = 2.

@
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Some history

pproach to the mo ng of the un ying
GARCH: main features
The auto- ve stochas atility (ARSV) family

Modeling the underlying

Condition for finite kurtosis

GARCH(1,0) 1+~)a < 1.
GARCH(2,0) 1/2 (1 + «/2) ('yzoqz +on?+2ap +/(1+42) a1? (hRar + 4o + a12)) <1
1/2 (74 +242 +1) a2 +1/2 (2,6+2,8'y2) a1 +2as +1/2 82 + as
GARCH(2,1)
+1/2 \/((1 +92)2 124+ (28+2872) a1 +4ar +442as + B2> ((1+2) 1 +8)?
172 (v* 4292 +1) aa® +1/2 (281 +2177) a1 + 1/281% + az + B2 + 12z
GARCH(2,2)

+1/2 \/((1+~/2) a1+ 81)2 ((1+92)% ar2 + (281 +26172) a1 + 4 + 48, + 4720z +
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. n Some history
Modeling the underlying
€ ying Time series approach to the mode

main features

stochastic volatility (ARSV) family

g of the underlying

The GARCH(1,1) case

p = o+ (3 persistence parameter.
Finite kurtosis: p? + a?(k. — 1) < 1.
Relation between kurtosis and persistence parameter:

(k. —1)\
ky - ke (1 - 1—pz> .

m Relation between autocorrelation of squares and persistence
parameter:

(1) = a(l — p? + pa)
1—p2+a?
m Poor cohabitation between finite kurtosis, volatility clustering
(persistence), and autocorrelation of squares: elevated
persistence implies small a which in turns makes p»(1) very @
small.
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Some history
Time series approach to the modeling of the underlying

Modeling the underlying

GARCH: main features
The auto- ve stochastic volatility (ARSV) family

0.7 T T T T T T T T T
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pea+p

Figure: Regions with finite kurtosis (from Carnero et al (2004)) @
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Some history

Time series apy to the modeling of the underlying
GARCH: main features

The auto-regressive stochastic volatility (ARSV) family

Modeling the underlying

ARSV family. Taylor (1986)

m The model:

Ye = r =+ Ot€t, {Et} ~ IIDN(O, ].)
by = v+ ¢bi_1 + wy, {w:} ~ IIDN(0, 02)

where b; := log(c?), v is a real parameter, and ¢ € (—1,1).
m The volatility {0} is a non-traded stochastic latent variable
that is not a predictable process that can be written as a
function of previous returns and volatilities.
m ¢ € (—1,1) guarantees existence of stationary solution with
finite moments of arbitrary order.

1
var(y;) = E[0?] = exp [1j¢ + 20,2,} . kurtosis (y¢) = 3exp (03) @
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. n Some history
Modeling the underlying = 2

€ ying 1 to the modeling of the underlying
atures

The auto-regressive stochastic volatility (ARSV) family

Volatility estimation

State space representation and Kalman filtering. Write down
the model using a state space representation by setting

/t:|og(|yt—r’), LtZIOg(Ut).

This yields
{ le = Le+ &, &t = log (let]), (2)
(Li —ak) = ¢(Li—1 — ak)+ 0, Nt = %Wfa
where ax = E[L:] = 3E[b] = yq’5- Even though & = log (le|)
is not Gaussian, we treat it as such with mean
pe = E[¢:] = —0.63518 and variance ag = Var[¢;] = 72/8. @
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Some history

Time series approach to the modeling of the underlying
GARCH: main features

The auto-regressive stochastic volatility (ARSV) family

Modeling the underlying

Kalman provides one-step ahead linear forecasts /; 1 := P[l¢|F¢_1]
that in turn produce predictable estimations ok of the volatilities
ot by setting log (Uf) = lt_1,1 — pte and hence

of = exp(le—1,1 — pie)- (3)
The h-likelihood approach. Consists of carrying out a likelihood
estimation while considering the volatilities as unobserved
parameters that are part of the optimization problem. Let

a := (7, ¢,04) be the parameters vector, b = (by,..., br) the
vector that contains the unobserved b; := Iog(af), Zi =y —r

T

1 1

h(z;b,a) = -2 ; <z$ exp(—by) + b + %(bt — 7y — ¢be_1)* + log 03V>
Availability of numerically efficient procedures to maximize the
likelihood with respect to the variables b and « once the sample z

has been specified.
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Some hist
Time series approach to the modeling of the underlying

GARCH: ma

Modeling the underlying

The auto-regresswe stochastic volatility (ARSV) family

This procedure has a natural one-step ahead forecast of the
volatility associated using the variables b; := log(c?) and
alternating prediction and updating:

by = ~/(1-9)
by, = v+ ébo
. 1
by, = argmin <zl2 exp(—b1) + b1 + — (b1 — v — <z5b0)2>
b1 eR Ow
blp = 7+ QZSbO
by = v+ Pbi-1)us
bu = orgmin (2 exp(-60) + b (b~ — obye-1y)?)
€ W
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Some history
Time s proach to the modeling of the underlying

GARCH: atures

Modeling the underlying

The auto-regressive stochastic volatility (ARSV) family

These forecasts can be used to produce predictable estimations Jf

of the volatilities o by setting

1
ol = exp <2btp> .

h-likelihood has a much wider range of applicability for it is not
subjected to the rigidity of the state space representation and
hence can be generalized to stochastic volatility models with
complex link functions, to situations where the innovations are
non-Gaussian, or there is a dependence between {¢;} and {w;}.

@
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ARSV and incompleteness

. L by local minimization
Option pricing in incomplete markets -

al risk minimization with respect to a martingale measure

Incompleteness: the problem

A market model with a single risky asset modeled using a ARSV
process driven by non-binomial innovations is incomplete, that is,
not every payoff can be replicated via a self-financing portfolio.
The incompleteness comes from:

m Poor cohabitation between discreet time modeling and the
infinite number of states of the innovations (already the case
with GARCH; can be fixed by going to the continuous time
limit)

m Use of two driving noises.

@
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ARSV and incompleteness

Pricing/hedging by local risk minimization

Local risk minimizing strat

Local risk minimization with respect to a martingale measure

Option pricing in incomplete markets

Generalized trading strategies

We abandon the use of self-financing portfolios we introduce the
notion of generalized trading strategy, in which the possibility of
additional investment in the numéraire asset throughout the
trading periods up to expiry time T is allowed.

Definition

A generalized trading strategy is a pair of stochastic processes

(£°,€) such that {€9} 10, 73 is adapted and {&n}peqr,. 7} is
predictible. The value process V of (£9,¢) is defined as

Vo:i=€, and V,=€2+¢,-S,, n>1

@
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ARSV and incompleteness

Option pricing in incomplete markets
Local risk minimization spect to a mart neasure

Definition
The gains process G:

Go:=0 and G, ::ka’(skfsk—l)a n=0,...,T.
k=1

The cost process C: C, =V, —G,, n=0,...,T.

It is easy to check that the strategy (£0,€) is self-financing if and
only if the value process takes the form

Vo=&+6-So and Vo= Vot &(Sk—Sk-1) = Vot Gn, n=1,.
k=1

or, equivalently, if Vo = Go=CG =... = Cy. @

Joan del Castillo and Juan-Pablo Ortega Hedging of time discrete ARSV options



ARSV and incompleteness

Pricing/hedging by local risk minimization

Local risk minimizing str.

Local risk minimization with respect to a martingale measure

Option pricing in incomplete markets

Let r; be the continuously composed risk-free interest rate paid on
the currency of the underlying in the period that goes from time
t —1 to t; we assume that {r;} is a predictable process. Denote by

t
R: := E r.
j=0

The price at time t of the riskless asset S° such that S8 =1, is
given by §? = efe. The previous processes have discounted
versions V;, Gy, and C; defined as:

t
Vi = Vie R, G = Zﬁk'(sk—skd% and (¢ = Ve—Ge.
k=1

@
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ARSV and incompleteness
Pricing/hedging by local risk minimization
L

Option pricing in incomplete markets
P P! e P isk minimizing strategies

Local risk minimization with respect to a martingale measure

Definition

Assume that both H and the {S,},eo,. 7y are L2(Q,P). A
generalized trading strategy is called admissible for H whenever it
is in L2(Q, P) and its associated value process is such that

Vr=H, Pas. and V;el?Q,P), foreach t,
and its gain process G; € L?(Q, P), for each t.

Remark: since they are not self-financing these strategies may be
available even for non-attainable payoffs!
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ARSV and incc eteness

Pricing/hed local risk minimization

Local risk m g strategies

Local risk minimization with respect to a martingale measure

Option pricing in incomplete markets

Local risk minimizing strategies

Definition
The local risk process of an admissible strategy (£°,¢) is the
process

Rt(goaf) = Et[(Et-H = zt)2], t=0,...,T—1.
The admissible strategy (ED,E) is called local risk-minimizing if
Ri(€,€) < R(¢%,€), P as.

for all t and each admissible strategy (£°,¢€).

@
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ARSV and incompleteness

Pricing/hedging \_ local risk minimization

Local risk minimizing strategies

Local risk minimization with respect to a martingale measure

Option pricing in incomplete markets

Theorem (Follmer, Schweizer, Sondermann)

An admissible strategy is local risk-minimizing if and only if the
cost process is a P-martingale and it is strongly orthogonal to S, i
the sense that cov,,(S,,+1 S,,, C,,+1 C,,) =0, P-a.s., for any
t=0,..., T —1.

m An admissible strategy is local risk-minimizing for a fixed
probability measure P. Usually the physical measure (not
necessarily risk-neutral).

m Does not make the difference between shortfall and windfall.

m The local risk-minimizing strategy, if it exists, is unique and
the payoff H can be decomposed as (Kunita-Watanabe)

F/: V0+Z;T+ZT, (4)

G, gains process and Z,, = E,, — (p the discounted global @
risk process.

Joan del Castillo and Juan-Pablo Ortega Hedging of time discrete ARSV options



ARSV a

g g g k minimization

Local risk minimizing strategies

Local risk minimization with respect to a martingale measure

Option pricing in incomplete markets

General solution

Unlike its global counterpart, the solution of the local risk
minimization problem, when it exists, can be explicitly written
down:

Vi = H, (5)
P ~ ~
V. _
€t+1 _ COov ( PH:[, 5t+l~ St ‘ ft)’ (6)
var (51_-4,_]_ — 51_- | ft)

Vi = EP Vet | B —&nE” (S =S) 7] (@

@
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mpleteness
. L | risk minimization
Option pricing in incomplete markets

es

Local risk minimization with respect to a martingale measure

Local risk minimization with respect to a martingale
measure

The natural measure to be considered for local risk minimization is
the physical measure: from a risk management perspective this is
the natural measure that should be used in order to construct the
local risk process. Two major difficulties:

m Resulting expressions numerically difficult to estimate due to
the high variance of the associated Monte Carlo estimators.

m Unless there is a minimal martingale measure available, the
option prices that result from this technique cannot be
interpreted as arbitrage free prices.

This leads us to use equivalent martingale measures @ that
additionally minimize the so called remaining conditional risk:
RR(€0,¢) == E[(Cr — C:)?], t =0,..., T; this is in general not @

true outside the martingale setup.
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minimization

Option pricing in incomplete markets

< minimizing st
Local risk minimization with respect to a martingale measure

Vi = H,
1
i1 = 227EtQ |:e_(RT+Rt)H(5T) (5t+1e—rt+1 _ St):| 7
t+1

= e ey
where
Zfﬂ = varQ(gtH -5 | Ft) = e_2RtvarQ(5t+1e—”+1 | F).

Vo has a clear interpretation

@
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. L minimization
Option pricing in incomplete markets .
s

respect to a martingale measure

Changes in the hedging frequency

A major advantage of the local risk minimization hedging scheme
is its adaptability to prescribed changes in the hedging frequency.
Suppose that the life of the option H with maturity in T time
steps is partitioned into identical time intervals of duration j; let k
such that kj = T.

RIE,€) = EP [(Cl,~ QP IR], t=04.2 . (k-1)j = T
where {E{} is a cost process constructed out of value and gains
processes, {V/{} and {G{} that only take into account the prices

of the underlying assets at time steps t =0,/,2j,...,kj =T, in
particular, given an integer / such that t = Ij

= I

=i N ~ L ~ '

Gi: E &rj (Sr_/ S(r—l)j)- ﬁ
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ARSV and incc eteness
B edging by minimization
isk minimizing str; es

Option pricing in incomplete markets

Local risk minimization with respect to a martingale measure

The solution of this local risk minimization problem with modified
hedging frequency with respect to a martingale measure is given by
the expressions:

Vi = H, (8)
Q o~ (Reyj—Re) _

§t+j - e*(RT*Rt)Et [I_:?(ST) (SH‘Je (Ress : St)] (9)
E{ [stzﬂe—z(Rm—Rt) _ 53}

N R COTE (10)

forany t =0,/,2j,...,(k—1)j=T — .

Joan del Castillo and Juan-Pablo Ortega Hedging of time discrete ARSV options

@




The minimal martingale measure

f Mean correcting martingale measure
The martingale measures = =

The minimal martingale measure

It is an equivalent martingale measure for which the value process
of the local risk-minimizing strategy with respect to the physical
measure can be interpreted as an arbitrage free price for h.
Minimal martingale measure: martingale measure Qmin
equivalent to the physical probability P that satisfies the following

two conditions: E {(dein/dP)Z} < oo and every P-martingale

M € L?(Q, P) that is strongly orthogonal to the price process s, is
also a Qmin-martingale. It satisfies an entropy minimizing property
(Schweizer 2001) and the value process Vi can be expressed as

Vi = E Qmin [h],

which obviously yields the interpretation that we are looking for. @
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The minimal martingale measure

. Mean correcting martingale measure
The martingale measures

Theorem

In the ARSV setup, the minimal martingale measure is determined
by the Radon-Nikodym derivative dQp;n/dP that is obtained by
evaluating at time T the P-martingale {Z;},c1,.. 1) defined by

t (eKePt(Uk) _ 1) (eakek _ eKePt(Uk)>
Z = 1
t I]:I]. N e2K€Pt(U’<) _ eK5(2O'k) )

where KF is the conditional cumulant functions of e; with
respect to the filtration F = {Ft}icqo,..T}:

Kef(u) = log EF [e““t| Fi_1], with u a random variable.
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The minimal martingale measure

. Mean correcting martingale measure
The martingale measures = =

m The measure Quin /s in general signed: as the random variable
o€k is Fr-adapted and Ke‘i(ok) is Fi-predictable, the term
P
e%kek — eKek(”k)> can take arbitrarily negative values that
can force Z; to become negative. Negative occurrences are
extremely unlikely. The bias introduced by censoring paths
that yield negative Radon-Nikodym derivatives and using
Qmin as a well-defined positive measure is not noticeable.
m The quantity KF(o;) = log EP [e7“| F,_4] is difficult to
compute. As

KE(w) g E7 [0 7.

with LF (z) = log EP [€*“t], we use the estimations of and o7

to approximate KF (o). @
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The minimal martingale measure

. Mean correcting martingale measure
The martingale measures = =

For example, if the innovations {¢;} are Gaussian and we hence
have LF(z) = z?/2, we approximate

o?
KE'?(Ut) = log Etp_l [e2]

by (05)?/2 or (¢1)?/2 depending on the technique (Kalman or
h-likelihood, respectively) used to estimate the conditional
volatility.

Joan del Castillo and Juan-Pablo Ortega Hedging of time discrete ARSV options

@




The minimal martingale measure

. Mean correcting martingale measure
The martingale measures = =

The value processes obtained when carrying out local risk
minimization with respect to the physical and the minimal
martingale measures are identical, however the hedges are in
general NOT the same and consequently so are the hedging errors.

Proposition: let {¢2==}T and {¢P}]_; be the local risk

minimizing hedges associated to the minimal martingale measure
~NT

Qmin and the physical measure P, respectively. Let {Lf} be

t=0
the associated P-global risk process. Then, for any t € {1,..., T}:

E2y [1P(S: = $iv)

é‘tc?min = Sf + Q ' — —
var ;" [St — St,l]

(11)

t=0 t=0
orthogonal or Qmin—independent, then {1, = {¢P} ],

Joan del Castillo and Juan-Pablo Ortega Hedging of time discrete ARSV options
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The minimal martingale measure

. Mean correcting martingale measure
The martingale measures

The Extended Girsanov Principle

m Elliott, Madan (1998)

m The behavior of the process under the martingale measure
coincides with that of its martingale component under the
physical probability: mean corrected martingale measure
(MMM).

m Widely used in the GARCH context (Badescu et al (2011))

m Local risk minimization with respect to this measure yields
trading strategies that minimize the risk adjusted local cost
with risk adjustment discount factor et defined by

St
e’“ = Etil [~ ] .
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The minimal martingale measure

Mean correcting martingale measure

The martingale measures

In the ARSV setup the MCMM measure is determined by the
stochastic discount factors of the form:

fatet(UtEt +my —r+ Iog EtFil [eatet])

fatEt (O—fef)

Nt:

9

with f;,, the conditional density of o:€;. As o¢ and €; are
independent, Rohatgi's formula yields:

freee(2) = / Y (%) o

—oo X

Computationally heavy despite ad hoc methods (Glen et al (2004)).
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The minimal martingale measure

. Mean correcting martingale measure
The martingale measures

MCMM GARCH-like proxy ARSV

Define the market price of risk process:

KFP —
pe= Mt Keloe) = r (12)

Ot

to which we associate the stochastic discount factor:

fP(Gt + pt)
fP(€t) ’

fF is the pdf of the innovations {e;} under P.

Nt(eta Pt) =

Theorem

(i) The process Z; := [[_; Nk, is a (F¢, P)-martingale such that
(i1) Z1 defines an equivalent martingale measure Q.

Joan del Castillo and Juan-Pablo Ortega Hedging of time discrete ARSV options
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Specifications and hedging methods
Experiments

Empirical study

Empirical study

The price generating ARSV process. We take the following
ARSV parameters in:

r=0.1/252, ~y=-0821, ¢=09, o, =0.675.

The resulting log-returns are very leptokurtic (kurtosis = 33.00)
and volatile (the daily volatility attains 63%!). We try to amplify
the defects of the different hedging methods in order to better
compare them.

The hedging methods.

m Black-Scholes: we forget that the price process is generated
via an ARSV model and we handle the hedging using the
standard Black-Scholes delta as if the underlying was a @
realization of a log-normal process..
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Specifications and hedging methods

Experiments

Empirical study

m Duan’s static delta hedge: this is a generalization of the
Black-Scholes delta hedge that has been introduced in Duan
(1995) in the GARCH context. In that result the author
computes the derivative of a European call price with respect
to the price of the underlying in an arbitrary incomplete
situation in which that option price is simply obtained as the
expectation of the discounted payoff with respect to a given
pricing kernel @, that is:

Vi = EQ [ Rr=RIK(s7) | 7] .
In those circumstances:

uan oV, —(RT—R: St
by = Ggt = eI RIER || 7

In our empirical study we will use this hedging technique using
the various pricing kernels previously introduced.
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Specifications and hedging methods

Experiments

Empirical study

m Local risk minimization using the minimal martingale measure
and the Extended Girsanov Principle.

m In all these methods we implement volatility estimations both
using Kalman and h-likelihood.

@
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Specifications and hedging methods

Experiments

Empirical study

Exercise 1

Woneiness g1 Moneyness g1 Moneyness 5080

e

ime o Mty Time o sty Time to ety

Figure: Experiment 1. All the hedging techniques explained used except @
for those based on the minimal martingale measure. The four maturities

considered are 6, 8, 10, and 12 time steps. Hedging is carried out daily.
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Specifications and hedging methods

Experiments

Empirical study

Exercise 2

Honoynss G111 [— S——
/ 3 /

/ 2 /
/ H
B / g B
: / H :
H H s /

/
[
e o sturty i § e o ety i i o sty

Figure: Experiment 2. All the hedging techniques explained in the paper
are used except for those based on the minimal martingale measure. The
four maturities considered are 10, 20, 30, and 40 time steps. Hedging is @

carried out every 10 days.
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Specifications and hedging methods

Experiments

Empirical study

Exercises 3 and 4:
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Figure: Experiment 3. The hedging techniques used are spelled out in
the legend. The four maturities considered are 6, 8, 10, and 12 time @

steps. Hedging is carried out daily.
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Figure: Experiment 4. The four maturities considered are 10, 20, 30, and
40 time steps. Hedging is carried out every 10 days. @
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Exercises 5 and 6:
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Figure: Experiment 5. The hedging techniques used are spelled out in
the legend. The four maturities considered are 50, 60, 70, and 80 time @
steps. Hedging is carried out every 10 days.
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Figure: Experiment 6. The hedging techniques used are spelled out in
the legend. The four maturities considered are 40, 60, 80, and 100 time
steps. Hedging is carried out every 20 days.
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