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Natural gas 1s one of the cleanest, cheapest and
most efficient sources of energy.

Alberta 1s home to a large natural gas resource
base and accounts for just over 80 per cent of the
natural gas produced 1in Canada.

87 trillion cubic feet (Tcf) of recoverable,
conventional natural gas 1s still beneath our feet.

Flammable gas, commonly used to fuel household
apphances;-Heatmg-homes-and-busimesses



75 per cent of the natural gas consumed 1n Alberta
1s used by the industrial sector (including
electricity generation).

Displays seasonality, need models to capture it.

Natural gas futures and options on futures are sold
in the market.

Natural gas storages used as a hedging instrument.



One factor mean reverting models typically used 1n
literature of natural gas storage evaluation.

Mult1 factor models are computationally
expensive.

Introduces a one factor regime switching model
that seems to work almost as well as 2 factor
models with respect to fitting forward curves.



When regimes switch between MR and MR's

equilibrium price, reproduces dynamics of
Xu(2004)

Regimes switch between GBM and GBM
(different signs of drifts), reproduces
Schwartz(1997)

Our focus today 1s on its empirical results and not
its implications 1n natural gas storage pricing.



Extends the typical mean reverting OU model.

Adds additional stochastic factor of convenience
yield.



A factor implied by the futures or other
derivative prices of commodities

Net benefit minus the cost of holding energy

Unlike financial derivatives, storage of energy
products 1s costly.



Physical ownership of commodity, carries an
associated flow of services

Agent has the option of flexibility with regards to

consumption, but this decision of postpone
consumption implies storage expenses.

O = benefit of direct access - cost of carry

L. T 5 1ds
Forward priceis:  F(t.T) = S;E, [Jz (s L‘Ef'd“] .



Schwartz model

Let (2, F {F;},IP) be a filtered probability space. As our state processes
we consider the spot commodity asset S; and the spot instantaneous conve-
nience vield &;. According to Gibson and Schwartz, under the risk-neutral
measure Q).

dSt = (“.I"'t — Iﬁt)St dt + ﬂ'St dﬂ"}l,
dé; = K(H — &;)dt +dW?,

with W, W2 1-dimensional Wiener processes satisfving d(W?, W?), = pdt.



Includes seasonality and mean reverting long run
mean.

where
dX, = a(L, — X, )dt + o (t)X,dW/
dL; = p(y — L;)dt + TLAW?,
o(t)=exp | c+ Z Aj €08 2mjt + wj sin 27 jt

J=1

~

) =br+ Z 08 cos 2mjt + n; sin 2jt.
=1



One factor mean reverting (MR)
model (back to the paper)

2.1  One-factor mean-reverting model (MR model)

Let P denote the natural gas spot price. In the MR model, the gas spot price follows a mean-
reverting stochastic process with the seasonality effect represented in the drift term. The risk
adjusted gas spot price is modeled by a stochastic differential equation (SDE) given by

iP = a(Ko— P)di + oPdZ + S(t)Pdt , (2.1)
S(t) = Basin(2m(t —tg+ Calto))) + Bsasin(4m(t —to + Csalto))) (2.2)

where

a o > 0 is the mean-reversion rate,

Ky Kg = 0is the long-term equilibrinm price.



MR model

a a =018 the volatility,

dZ is an increment of the standard Ganss-Wiener process,

S(t) is a time-dependent term so that S(t)Pdt is the price change at time ¢ contributed by the
seasonality effect. Note that multiplving S(t) with P guarantees the price of natural gas

always stays positive,
34 is the anmal seasonality parameter,

to is a reference time satisfyving tg < .



MR model

("4(tg) is the annual seasonality centering parameter for tg. We define

A5

Csalto)

C'alte) = Ao+ D(to), (2.3)

where Ag is a constant time adjustment parameter obtained through calibration; D(tp) is
the distance between the reference time fp and the first date in Januarv in the yvear of ig.
Thus, by calibrating the value of Ay, we are able to determine the evolution of the annual
seasonality effect over time.

is the semiannual seasonality parameter,

is the semiannual seasonality centering parameter for tg. Similar to the definition of C4(tg).
we define

GSAH'I]} =S54+ D‘(tu), {2.4)

where the constant time adjustment parameter SAp is obtained from a calibration process.



Effect of seasonality on gas
dynamics

Remark 2.1 (Effect of the seasonality term on gas price dynamics). We can rewrite equation (2.1)
(5

dP = aKydt + (S(t) — a)Pdt + o PdZ. (2.5)
Since —(|8a| + |Asal) = S(t) < |Bal| + |Bsal according to equation (2.2), if

84| + |8sa| = «, (2.6)

then there erists certain periods of time within which S(t) — a = 0. In this case, if P is large
and (S(t) — a)Pdt = aKodt in equation (2.5), then the process (2.1) becomes a GBM process with
positive drift rate due to the strong seasonality effect. At other times, the process is mean-reverting.
Note that the deseasoned process (i.e., setting S(t) =0 in SDE (2.1)) is 0 mean-reverting process.

As indicated in our calibration results in Section 3.1.4, condition (2.6) is typically satisfied by the
calibrated parameters.



Previous model 1s our MR model and can be
varied to GBM, varying parameters.

The model to be proposed has two regimes,
switches between a combination of the above.



Regime switching

The swlir:,h hetwmén two regimes can be modeled by a two-state continuous-time Markov chain

m(t), taking two values () or 1. The value of mif) indicates the regime in which the risk adjusted
oas spot price resides at time £, Let A%~ 1df denote the probability of shifting from regime 0 to

regime 1 over a small time interval di, and let A0t be the probability of switching from regime
1 to regime 0 over df. Then m(f) can be represented by

dm(t) = (1 - m(t—))dg""" —m(t—)dg"~", (2.7)

where t— 18 the time infinitesimally before £, and -gl':"'l and gl_"j are the mdependent Polsson
processes with intensity A% and A=Y respectively.



Regime switching

In the remme-switching model, the risk adjusted natural gas spot price 8 modeled by an SDE
given by

dP = o™ (K7 - P)dt + 0™ PaZ + 57 (1) Pt (28)
SNy = 7 sin( 2t — fo + Calto))) + Gos  sin(d(t — o+ Csalfo))) . (29)

As mdicated n equations (2.8-2.9), within a regime & = mif—) the gas spot price follows the
process (2.1-2.2) with parameters o, K, 5%(f),o* (but the signs of of and K} are not constrained).
Meamwhile, the stochastic factors for the two regimes are perfectly correlated. Note that we assume
that the centering parameters C'4(tp ) and Cg4 (), as given in equations (2.3) and (2.4 ), respectively,
are 1dentical for two regimes 1n order to reduee the munber of calibrated parameters,




Regime switching

Remark 2.2 (Mean-reverting or GBM-like process), From the model (2.5-2.9), the deseasoned
spot price in vegime mit—| can follow either o mean-reverfing process or o GEM-like process by
setting parameter vahies.,

If we choose a™t=) = 0 and HE‘(*_} =, then the deseasoned gas price (obtained from setting
the seasonality term S™*7)(t) = 0 in SDE (2.8)) follows a mean-reverting process

dP = o™ (KT - Pyt + o™t PdZ (2.10)

with equilibrium level _FL'E": ) and mean-reversion rafe ™),




Regime switching

If we set Ka’“:*_] =0 in equation (2.8), then the deseasoned gas price SDE becomes
dP = —a" ) Pt + o™ Paz. (2.11)

This is a GBM-like process. Specifically, if the drift coefficient —a™*) = 0, then SDE (2.11) is a
standard GBM process, {.¢., gas price P will drift up at a rate |a™)| at time t; if —a™¢-) <0,
then the qas price will drift doun af a rafe |r:u’“'-r-*'-1’|.



Variations of the regime switching
model

MRERMR variation

The processes in both resimes are mean-reverting with different equilibrinm levels, 1.2, K ﬂ‘ =R
o = 0, k € {0,1} in SDE {2.8). In this variation, the equilibrium level of the gas spot price
awitches betwesn two constants, Hﬁ'i H&, which thus creates a sort of mean-reverting effect on the
euilibrinm level, This simulates the behavior of the equlibrimm price mn the two-factor model
propesed by Xu (2004 ), where the gas spot price P follows a one-factor mean-reverting process and
its equilibrinm price evolves over fime according to the other one-factor mean-reverting process.




Variations of the regime switching
model

MRGBM variation

The process m one regime 18 mean-reverting while the other remme 15 a GBM process with a positive
drift, Le, K = 0K} =0,0" = 0,a! < 0in 8DE (2.8). The mean-reverting regime represents the
normal price dvnamics, and the GBM remme can be regarded as the sudden drifting up of the gas
price driven by exogenons events,

dP = o™t (KT — P)dt + o™= PdZ + ™) (1) P,




Variations of the regime switching
model

GBMGEBM variation

The processes in both remmes are GBM processes with a positive drift in one regime and a negative
drift in the other, ie., K = K} = 0,0" < 0,a! = 0 in 8DE (2.8). This simulates the behavior of
the two-factor model in Schwartz (1997), where the nisk adjusted commodity spot price process 1s
modeled by a GBM-like process given by

dP = (r—d)Pdt+oPdZ. (2.12)



Calibration to futures

3.1.1 Futures Price Valuation

Let F* (F.t.T) dencte the natural gas futures price in regime k, k < {0,1}, at time ¢ with delivery
at T', while the gas spot price resides at F. Assuming the rigk adjusted natural gas spot price follows
the regime-switching model (2.8-2.9), we can write F*¥{ P, £, T) as the risk neutral expectation of

the spot price at T

FRp,t,T)= ER[P(T) | Pit)=p.mit) = k. (3.1)
where mit) 1s the two-state Markov chain given in (2.7), representing the regime in which the risk
adjusted gas spot price resides at £ From equation (3.1), F % catisfies two PDEs that are cotpled
with each other given bv

Ff + [of(K§ - P) + 8%(t)P|Ff + %l[a"‘]lgPﬂFji;‘.p+ A==k pl=k _pky— 0 ke d0 1) (32)

with the boundarv conditions
FHMPT.T)=P. ke {01} (3.3)




Calibration to futures

The solution to PDEs (3.2) has the form
F¥P1,T)=a"(t.T) + 5 (t. TP, (3.4)

where functions a, b are independent of P. Substituting equation (3.4) into equations (3.2-3.3) gives
an ODE svstem

af 4 N =Rl l=k _ gk L ok FokRk = 0

35
b — [af — SF(t) + AFTR Rk bk e 01 (32)

subiject to the houndary conditions
a (T =0 ; NT.T) =1, ke {01} (3.6)



Calibration to futures

Remark 3.1. For fhe mgime-switching model, equation (3.4) and the ODE system (3.5-3.6) imply
that the futures prices F¥(t,T), k € 10,1} af time t when the gas spot price s known are independent
of the spot price volatilities a”, ol, Similar ohservations indicate that the fufures price is independent
of spot price volatility for the MR model. Consequently, the volatility needs fo be calibrated using
financial instruments other than futures confracts; in this paper, we choose options on fulures {see
Section 3.2 for the defailed caltbration procedure).



So options on futures 1s used to find the volatility
parameter, rest of the parameters can be found
from the futures contracts!



Data set contains 51 observations in 51 months.
From Feb 2003 to July 2007

Each observation contains delivery prices for the
first 14 contracts that correspond to the delivies in
the next 14 consecutive months starting from the
month of observation.

For calibration, we need gas spot prices, there
exists a gas spot market in Henry hub but we do
not use it.

Delivery period of contracts in spot and futures 1s
different.



Spot market — delivery lasts for only 24 hours
Futures market — delivery over a whole month
So 1nstead of using the spot price, at any point of
time we use the next months futures contract
delivery price instead.

For calibration, there are now a total of 13*51 =
663 futures prices.



Let 8 = {r:t"".Ifé’..‘?ﬁ,.-ﬁ";._t,ﬂn,ﬂﬂn.A"’_[i'k] |k e {0,1}} dencte the set of parameters we need to
obtain through calibrating to the futures price data.

mﬂmz Z (FL"E.“"] (Pit),t,T:8) — F[t,T}]lE . where
e T

2

bt 8) = argminy | F*{P{t), e, T;8) - F(£,T)) .
E{m};( (P(t),6,T:8) - F(1,T))

where F(t,T') 18 the market futures price on the obeervation :iay twith maturity T'; phitd) (Pt T8
13 the corresponding model 1mplied futures price in regime &(t; ) caleulated numerically from aqua-
tiona (34-3.6) using the market spot price Pif) and the parameter set 8. In equation (3.7), the
range of ¢ consists of all the cheervation days in cur sample data and that of T covers the thirteen
censecutive delivery months starting two months after the menth of £,



Note:

Cr calibration results are sensitive to the starting values used m the optimzation procedurs,
Far example, 1f the initial estimates for the parameters has either the MEMR or MRGEM form,
the calibrated parameters retain the same form. As we shall see below, good fits to the data can
be chtained with either MEME or MRGEM. However, if we use imitial parameters consistent with

GEMGEM, then the optimzation procedure converges to the MRGEM parameters.
This indicates that the MEMRE cr MRGEM models are consistent with the market data, while

the GBMGEM model does not appear to be consistent with market data.



MR

MEME MRGEM

1 to regime 0

Parameter [reseniption Estimate Estimate Estimate

a (a?) MMean-reversion rate (for regime 0} 0,406 0.430 0.435

K [I{'E} Equilibrium price | for regime 0) BETS 4.466 4. 745

Aa (/) Annual seascnality parameter (for  0L527 0.E00 0,550
regime ()

Gga I'ﬁ_%i'l Semianmial seasonality parameter 0 0 0
{for regime 0)

Ap Annual seascnality time adjust- 0.483 0.441 0.457
ment parameter

arl Mean-reversion rate for regime 1 1.033 —0.650

I{',% Equilibrium price for regime 1 11.704 i

._?_11 Annual ssasonality parameter for 0.571 0.5565
regime 1

_.'j'é__t memianmial seasonality parameter 0 il
for regime 1

A=l Intensity of the jump from regime 0,304 0.253
0 to regime 1

A=t Intensity of the jump from regime 0,975 2.200

TABLE 3.1: Estimated parameter values for the three models using 663 mondhly observed fulures
price data from February 2005 to July 2007, The column MR represents the MR model. The
colemng MAME and MRGEM represent the MREMR and MAGEM variation of the ragime-gwitehing
maodel, respecizvely.



Jan Feb Mar Apr May Jun Jul Aug Sep Oet Now  Dec
2003 ) N/A 0 I 0 I () I 0 I I ( I
2004 [ 0 I I 0 I I I 1 1 I I 1
2005 1 I 0 N/A 0 I 0 I I ( I
2006 [ 1 1 1 1 1 N/A N/A | 1 1 1 1
Wmorpo11 1 1 1 1 1 N/A N/A N/A N/A N/A

TABLE 3.2: Regimes where he realized markel qos spol price resides af warious times, where the
apot price follows the MREGEM variation of the regpme-swifching model. The Table shows that
29 montha correspond to regime 0 and 22 months correspond to regime 1. The N/A in the table
corfespords to miasing data,






Mean absalute error

Contract matunty MR MEME MRCEM [ ME MEMR MRGEM
In Dallars In Percentage

Month+42 0278 0.240 0.245 308 3.57 3.64
Month+4-3 0499 0.386 . 325 .09 5.0 5.56
Month+44 0e4h 0457 0.470 =06 7.0 B.57
Month+4-5 oesd4 0504 0.471 044 T.08 B.45
Month+46 0741 0456 0502 10.13 .60 SR
Month+47 OR27 0493 0.528 11.14 .60 B.75
Month+45 0e72 0492 0.545 11.56 .66 7.11
Month+49 0049  0.505 0.563 1297 .92 737
Month4-10 1011 (0L557 0.574 13.93 T.61 7.53
Month411 LO37T 0603 0,622 14.62 8.20 820
Month4-12 L.O7s  0.580 0640 1560 8.21 8.53
Month4-12 1118 (0.580 0ETT 16.65 8.53 0.21
Month414 1.152  (0.585 0605 17.68 =07 0.74

Orverall 0838 0.500 0.533 11.54 T.05 7AT




Forward curve fitting




Forward curve fitting
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FICURE 3.1: Comparison befwoeen the model and the marked fulures prices for the contract with
the longest maturity (for the delivery after 1§ months) in the sample across all observation doys
atarting from February 2005, The r-aris represents the number of days between the obgervaion day
ard the starting date. The model implied prices are compuded wiing the calibmied parameters in
Table 3.1. MR represents the MR model. MAME and MRGEM represent the MEME and MRGEM
variabion of the regime-voideling model, respectively.



Futures Option Valuation

Let ?*(F’,t,ﬂ] dencte the Eurcpean call option value in regime  at time ¢ with matunty at Ty,
where F represents the price of the underlying futures contract at time £, Let K denote the strike
price of the apticn. Lot F*{,T) represent the price of the underlying futures contract in regime k
at time ¢ with matunty at T, where T satishes T > T,



Futures option evaluation

In NYMEX, the trading of a European option ends on the business day immediately preceding
the expiration of the underlymg futures contract. As a result, we can assume T, =T, and we will
thus use T' as the maturnty for both an option and its underlymg futures contract.

We can write V*{F,t,T) in the form of the risk neutral expectation as

VAT = TR [ JF"'"‘TJI[T T) =K Jlpmayg x| F'(6T) = fimit) = j‘]
— Mg (P [ K)lpmpsx | a'(6T)+ b5 T)P(E) = fomit) = 'k] ‘

where 1zxy i8 an indicator function that returns 1if @ > g, ar 0 x < 9 the second equality
above uses the fact that F™TT,T) = P(T) at maturity T' as well as the relation (3.4) between
futures price F and spat price F at time ¢ assuming the nsk neutral gas spot price follows the
regime-switching model (24291, Let V*[P, £, T} represent a synthetic European call option on
apot price P at time t, in regime k with maturity 7. Then we can write V¥{F,¢,T) in the form of
the nisk neutral expectation as

(3.8)

Vp.t.T) = e "TIEY [(P(T) - K M priar | Pit) = pomit) = 1] . (39)




Futures option evaluation

V¥p.t.T) = T UEY [(P(T) - K )\pgiax | Plt) = pomit) = F]. (3.9)

Comparing equations (3.5) and (3.9}, we have

v ( f ;t:[::é"!’]T} mT) =VH{£.8T), (310)

where a* and ¥ are computed from the ODE system (3.5-3.6). As a result, we can compute
V¥ F.t.T) using equation (3.10) as long as we are able to solve for V*( P, ¢, T).
Let v dencte the constant nskless interest rate. Assuming that the spot price process follows

SDE (2.2-2.9) and using the risk neutral expectation formnlation (2.9, we find that the synthetic
option value V* satisfies the coupled PDEs

VE+ [a*(Kf - P) + S*(8 P]VE+ 2{ KRRV EL VR Y
aRml=hged=b oyl g ke f0,1)

aubject to the boundary conditions

(3.11)

VHPT.T) = max|P - K,0] , k & {0,1}, (3.12)




Futures option

We will salve equations (2.11-3.12) mumerically in the computational domain P £ |0, From|
with P 3 K. For this purpase, we nesd to impose boundary conditions at the computaticnal

boundary F = 0 and F = Fp,,. At the P = 0 boundary, taking the limit as F — 0, equations
(211} become

Vhp o JEVE — VR AR vk 0 ke {001, (3.13)

computational domain. At the P = P, boundary, we make the assumption that V*I[Pm, LT =
payolf. In cther words, we impese the Dhnichlet boundary condition

VE (P 6T = Pone — K, k£ {0,1). (3.14)




Calibration

;"“;E {Fi{F{I,TI],i:,TI;E,E,u”,alj —C[i:,Ti;E'])g,
K



Thank you!
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